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Generalized coherent states in the study of
dynamics of nonlinear processes
A nonlinear saturated Schrödinger equation is obtained as a result of application to the model of DNA,
the method of generalized coherent states (GCS). The studied DNA model was introduced by Takeno and
Homma in their pioneering work [3]. In this model the DNA macromolecule is subjected to the influence
of thermal phonons. We have obtained for particular values in the parameter space, a compacton–
anticompacton couple solutions that could be responsible for maintaining the DNA health.

Keywords: nonclassical solutions; generalized coherent states; DNA; compactons.
PACS number(s):02.40.Gh,04.60.Kz,98.80.Qc

1. Introduction
The existence of regimes where nonlinear optical propagation and DNA (or BEC) evolution models
obeys the same type of equations are well known [1, 2]. Among them the resulting for intense light
pulses or spatial beams, the most fascinating is certainly the formation of solitons, which can also
be considered in DNA dynamics.
The theoretical studies of DNA macromolecule dynamics in many aspects show the appearance
of nonlinear traveling structures along the chain. That studies have led to many interesting types of
solutions in the past such as the soliton solutions, the cnoidal solutions, the compacton solutions,
the peakon solutions. However, finding these solutions has not been easy at all as is evidenced in
the literature.
The model we use in this contribution is the quasi spin variant proposed by Takeno and
Homma [3]. In this paper, evolutionary PDEs describing wave patterns inside the DNA macromolecule with compact support are studied. It is assumed that open states of the DNA is a principal
requirement for arising other important features of this molecule, specifically for transcription and
replication processes. Therefore, it is obvious that the opposite type of states the anti - open sates
are suggested to appear inside the DNA molecule. In case of existence of these waves, this inverse
process dual to the open ones, will repair the disruption or elongation of hydrogen bonds.
Different approaches for variety of models of the DNA molecule have been applied. After
the first proposal made by Englander [4], the model that is being deal with rotational degrees of
freedom, and the first one was proposed by Yomosa [5]. Along this type of model the principal one
in the sense of dynamics of the hydrogen bonds, is due to the Peyrard - Bishop model [2]. These
two version of modeling DNA received a great improvements by many important contributions
that one can find for example in the papers [3, 6, 7] and citation therein. In his pioneering work
Yomosa S. [5] presented an important DNA model which include the rotation of pair bases along
the spiral model proposed by Watson and Crick. This approach takes into consideration a dynamic
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of a plane base rotation perpendicular to the helical axis z around the backbone structure. Further
improvements were done in the papers [3, 8].
On the other order of things, the study of many body problems whose Hamiltonian has
been explicitly written in terms of spin or quasi-spin operators, can be reduced by appropriated
approximations to a quasi-classical treatment. For doing this, certain reduction procedure from the
quasi - spin operator description to a classical one is needed. This procedure consists in choosing
trial functions which can be used for averaging the Hamiltonian. Then it is natural to choose for
this aim, coherent states since these states are the most classical and minimized the uncertainty
relation [9–11].
In this contribution we study a dynamical model related to the emergence of traveling waves
in the DNA molecule by using the quasi - classical approximation due to the generalized coherent
states approach. This treatment was possible to implement because of the quasi spin character of
the Hamiltonian of the DNA that is written in terms of the Spin operators S proposed by TakenoHomma (TH) in [3]. The approach to derive analytical solutions was implemented explicitly for
the case of traveling waves. In the next section we briefly expose the main features of the TakenoHomma model. The third section is devoted to the generalized coherent state approach applied
to the nonlinear lattice equation of DNA. The equation of motion derived from the application of
GCS method is reported in section 4. The nonlinear soliton like patterns are obtained by analyzing
the equations in the continuum limit of the nonlinear lattice equation, that is reported in the fifth
section. In the 6-th section we analyze the analytical solutions for hydrogen bond displacements.
Comments and conclusion are done in the last section.

2. The quasi-spin model of DNA
We will use the model proposed by Takeno and Homma [3]. In this model the quasi spin operators
Sn = (Sx , Sy , Sz ) are related to the rotational angles θn and φn as
Sn = (Sx , Sy , Sz ) = (sin θn cos φn , sin θn sin φn , cos θn ).

(2.1)

This representation is given for the two strands that compose the DNA. The notation for the
second strand will differ to the first one by the apostrophe in the mathematical expressions for


its corresponding magnitudes. The rotational angles θn (θn ) and φn (φn ) represent the angles of
th
rotation of the bases in the n base pair in the xz and xy plane respectively. Details on this
proper DNA model can be found in the works [3, 8, 12, 14]. We will analyze the symmetric case

when zn = zn . Thus the Hamiltonian for description the nonlinear dynamics of the isotropically
homogeneous coupled quasi-spin chain model in the nearest neighboring interactions can be written
as




[J(Sn · Sn+1 + Sn · Sn+1 ) + μ(Sn · Sn )].
(2.2)
H1 = −
n

This Hamiltonian formally coincides with the generalized Heisenberg spin model used in
many branches of physics. In some sense here the double strand DNA model is mapped onto a
two coupled spin chain model or a spin ladder system with ferromagnetic legs. The first term of
the Hamiltonian (2.2) corresponds to the stacking interaction between the base with number n and
its nearest neighbors and the second term represents the inter strand interaction at the nth site or
hydrogen bond interaction.
Since the functions of DNA are switched on under the biological temperature, then it is necessary to include thermal surrounding phonon contribution. Let us denote by Xn as the displacement
of the bases along the hydrogen bond at the nth site and by pn = m1 X˙n the corresponding momentum of displacements Xn . The coupling between the oscillation of the hydrogen atom due to
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thermal fluctuation and the rotation of bases is denoted by α1 . The proposed phonon contribution
to the previous Hamiltonian can be written as
H2 =

 p2n

[
+ k1 (Xn − Xn+1 )2 + α1 (Xn+1 − Xn−1 )(Sn · Sn )].
2m1

(2.3)

n

Thus, the total Hamiltonian that will be analyzed is written as




−J(Sn · Sn+1 + Sn · Sn+1 ) − (μ − α1 (Xn+1 − Xn−1 ))(Sn · Sn )+
H=
n


p2n
2
+ k1 (Xn − Xn+1 ) .
+
2m1

(2.4)

3. Generalized coherent state approach
The correspondence between the collective nonlinear effects in classical and quasi-quantum models
has been extensively discussed by many authors. For some details we can address the work [15].
The reduction procedure from quasi spin treatment to classical one have been done by different key
approaches. Among those there is a powerful method of the generalized coherent state. This method
allows to obtain a quasi-classical version of the model by averaging the quantum or quasi-quantum
Hamiltonian over some states that minimizes uncertainties.
Next, we expose some main properties of the generalized coherent states. Let G be an
arbitrary Lie Group and T̂ be its irreducible unitary representation acting in the Hilbert space H.
Any vector of this space is denoted by the symbol |ψ >, meanwhile the scalar product of the
vectors |ψ >, and |ϕ >; linear on |ψ >, and anti-linear on |ϕ >; by the symbol < ϕ|ψ >. Finally,
the projection operator on the vector |ψ >, by |ψ >< ϕ|. Let |ψ0 > be some fixed vector in
the space H. Consider the set of vectors {|ψg >}, constructed with the help of the operation:
|ψg >= T (g)|ψo > where g goes over all the group G. These state vectors belong to the orbit of
the group in the Hilbert space. It is easy to see that two vectors |ψg1 > and |ψg2 > in the same
orbit will differ from one another only by a phase factor (|ψg1 >= eiα |ψg2 >, |eiα | = 1), or in
other words will determine the same state only if T (g2−1 .g1 )|ψ0 >= eiα |ψ0 > .
Let P = {p} be the set of elements of the group G such that T (p)|ψ0 >= eiα(p) |ψ0 > . It is
evident that P is a subgroup of the group G and we call it the stationary group of the state |ψ0 >.
Over an orbit the stationary subgroups are conjugated.
From the above assumptions it is easily seen that the vectors | ψ(g) > are embedded in
the left adjoin class g1p ∈ g1 P and will differ from each other only in the phase. It means that
they define the same state, or, in other words, the whole equivalence class is assigned to the state.
When realized the procedure described, one concludes that different vectors (states) will correspond
to different elements gm that belong to the factor space M = G/P . As usual, it will be only
necessary to consider specific representatives from each class. Since a geometrical point of view,
the group G is treated as a fiber-bundle space with a base M = G/P and fiber P . Then the
choosing of certain gm corresponds to some element of this fiber-bundle space. Formally we have
the triplet:  G, π, G/P , where π is the continuum projector. The idea of a section map is:
S : G/P → G
Where the diagram: S ◦ π = π ◦ S holds. So, in this sense, the elements of the group are
considered as sections of this bundle. The set of vectors:
| ψm >= T (gm ) | ψ0 >
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where gm ∈ G/P is what we will call a system of Generalized Coherent States (GCS) on the group
G with a referent vector | ψ0 >.
Usually, the choose of the referent vector |ψ0 > is determined by thinking on simplicity and
with the states being nearly classical. For our aims the group SU (2) plays a crucial role. This
group will be the group G of the above described scheme. It is known that the system of spin
coherent states (GCS constructed on the SU (2)/U (1) space; which is the classical Hopf fib-ration
S 1 → S 3 → S 2 ) may be written as:
|ψ >= T (g)|ψ0 >= eαS

+

−α̂S −


−j ψS +
|0 >= 1 + |ψ|2
e
|0 >;

(3.5)

with Ŝ ± = Ŝ x + iŜ y , ψ = α T an|α|, α, ψ are complex numbers, |0 >= |j, −j > and j defines
|α|
the unitary representation of the group SU (2).
Here as mentioned above, we investigate the particle-like localized nonlinear excitation in the
quasi quantum Hamiltonian for DNA obtained by Takeno-Homma [3] by making use the reduction
procedure, based on the generalized coherent states (GCS) on the group SU(2)/U(1). We consider
the homogeneous system that means all exchange integrals in the Hamiltonian (2.4) are constants
and do not differ from point point to point. The quasi-spin piece of the Hamiltonian (2.4) is formally
written in terms of spin operators with spin value j = 1/2. Since, the spin Hamiltonian and the
SU(2) coherent states are constructed on the operators of the same group, here is not necessary
to carry out the bozonization procedure of the Hamiltonian. The exchange integrals in the x, y, z
direction are the same so we have a quasi spin system with zero anisotropy. This type of system
according to Makhankov [18] has the SU(2) symmetry. Also we can consider the easy axis of the
model the axis z that is the direction of helical axis of anisotropy. All these qualities permit us to
use the approach of generalized coherent states based on SU(2) group.
+
Let us pass from quasi-quantum system to classical description. Since spin operators S
j

commute in neighboring sites of both DNA strands, the generalized coherent state for all the lattice
is the direct product of GCS taken at separate sites.
|ψ >=



|ψ >j ;

j = 1, 2, 3, . . . N

(3.6)

j

Thus we have for the spin averaging
+
+
+
+

< ψ|S
j Sj+1 |ψ >=< ψj |Sj |ψj >< ψj+1 |Sj+1 |ψj+1 >

(3.7)

The averaged values of quasi-spin operators S = (S x , S y , S z ) by using the SU(2) GCS can be
written in the following stereographic projection forms, that subsequently will be used for averaging
the lattice Hamiltonian (2.4)
S + =< ψ|S+ |ψ >=

ψ
ψ
− |ψ >=
; S − =< ψ|S
;
1 + |ψ|2
1 + |ψ|2
2
z |ψ >= − 1 − |ψ|
S z =< ψ|S
2(1 + |ψ|2 )

(3.8)
(3.9)

with S + = S x + iS y and S − = S x − iS y . The variables ψn , θn and φn from the Eq. (2.1) are
interrelated by the formula
ψn = tan (θn /2) eiφn
(3.10)
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After averaging the Hamiltonian (2.4) with the aid of SU(2) GCS we obtained

H =


n

−J
2

(ψn ψn+1 + ψn ψn+1 ) + (1 − |ψn |2 )(1 − |ψn+1 |2 )
(1 + |ψn |2 )(1 + |ψn+1 |2 )

(ξn ξn+1 + ξn ξn+1 ) + (1 − |ξn |2 )(1 − |ξn+1 |2 )

+

(1 + |ξn |2 )(1 + |ξn+1 |2 )

− 1 (μ − α1 (Xn+1 − Xn−1 ))
4
+

2ψn ξn + 2ξn ψn + (1 − |ξn |2 )(1 − |ψn |2 )
(1 + |ξn |2 )(1 + |ψn |2 )

p2n
+ +k1 (Xn − Xn+1 )2
2m1

.

(3.11)

4. Equations of motion
We will study the continuum version of the Hamiltonian model (3.11). Therefore, we consider
the inter-site distance between nucleotides are quite small in comparison with the DNA length.
Introducing the new variable fields Xn → X(z, t) with z = na and as usual making the standard
2
procedures we have ψn±1 = ψ(z, t) ± aψz + a ψzz + ..., also |ψn±1 |2 = |ψ|2 ± a(|ψ|)z +
2!
2

+ a (|ψ|)zz + ..., and n − > dz
a . The similar expansion can be straightly done for ξn±1
2!
2
and |ξn±1 | . These last variables correspond to the complementary strand (apostrophe variables) of
the double ladder of DNA. Also similar approximation is done for Xn±1 . After some algebra we
obtain the quasi-classical Hamiltonian

H =

aJ
2

|ψz |2
1 + |ψ|2

+

|ξz |2
1 + |ξ|2

2(ψξ + ψξ) + (1 − |ξ|2 )(1 − |ψ|2 )

−

(μ − 2α1 aXz )
4a

+

p2
+ k1 a(Xz )2
2am1

(1 + |ξ|2 )(1 + |ψ|2 )
dz + const.

(4.12)

The equation of motion for the unknown variables can be obtained using the standard Hamiltonian method. Thus, for finding the unknown displacements X(z, t) from the Eq.(4.12) we can use
the standard Hamiltonian equations of motion Ẋ = ∂H and its canonical conjugate counterpart.
∂p
The equation of motion for the unknown field functions ψ(z, t) and ξ(z, t) can be written using the
variational derivative as [19].
iψt = −(1 + |ψ|2 )2 δH .
δψ

(4.13)

The similar equation of motion is directly built also for the field variable ξ. Therefore, finally
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we have obtained the following system of nonlinear differential equations:


ξ − ψ + ψ|ξ|2 − ξψ 2
2ψz2 ψ
μ − 2aα1 Xz
−
, (4.14)
iψt = − Ja ψzz + aJ
2
2
2a
1 + |ψ|
1 + |ξ|2


ψ − ξ + ξ|ψ|2 − ψξ 2
2ξz2 ξ
μ − 2aα1 Xz
−
,
iξt = − Ja ξzz + aJ
2
2a
1 + |ξ|2
1 + |ψ|2
(4.15)
m1 Xtt = 2ak1 Xzz +

α1
2

2(ψξ + ψξ) + (1 − |ξ| )(1 − |ψ| )
2

2

.

(1 + |ξ|2 )(1 + |ψ|2 )

(4.16)

z

From the equations (4.14) and (4.15) one finds ψ = −ξ. Thus after some algebra we can find the
next nonlinear differential equation
ψz2 ψ
iψ = − Ja ψzz + aJ
+
2
1 + |ψ|2



2μ
a − 4α1 Xz



1 − |ψ|2
1 + |ψ|2

ψ.

(4.17)

This equation belongs to the family of Nonlinear Schrodinger equation with saturation. Subsequently, for description the hydrogen bond displacements X(z, t) we found the equation
m1 Xtt = 2ak1 Xzz +

α1
2

1 + |ψ|4 − 6|ψ|2
(1 + |ψ|2 )2

.

(4.18)

z

We will look forward for traveling wave solutions. For doing this we change the variables σ = z −
− vt. Applying the procedure due to Vasumathi and Daniel [8] i.e. making Xz = W (z, t), after
some algebra it yields
Xz =

1 + |ψ|4 − 6|ψ|2
α1
.
2(m1 v 2 − 2ak1 ) (1 + |ψ|2 )2

(4.19)

Replacing the equation (4.19) in to the nonlinear Schrodinger equation (4.17) one obtains
ψz2 ψ
iψt = − Ja ψzz + aJ
+
2
1 + |ψ|2

1 + |ψ|4 − 6|ψ|2
2μ
−
β
a
(1 + |ψ|2 )2

1 − |ψ|2
1 + |ψ|2

with β = 2α1 /(m1 v 2 − 2ak1 ).

ψ,

(4.20)
(4.21)

Further, we will make several simplifications in order to find analytical solutions.
First of all we

Ja
. Second, we will
will make a parametric change of the independent variable z as z = s
2
assume that in the first approximation the parameter μ that is the exchange integral between strands
μ
and the separation of nucleotides satisfies the strong inequality a  1. Thus, after these restrictions
the nonlinear generalized Schrodinger equation is transformed to the following saturable one.
2μ
iψt = −ψss + a

1 − |ψ|2
1 + |ψ|2

Q UANTUM C OMPUTERS
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5. Nonlinear traveling waves
Since the analytical solution of equation (4.22) is quite difficult to find, we will restrict ourselves
for the specific particular case of weakly saturating approximation. This approximation is well
documented in various important contribution on nonlinear optics and Bose Einstein condensation
theories [9, 20]. The equation (4.22) possesses terms proportional to M = F (I)(1 + I)−1 with I =
= |ψ|2 . Therefore, for the resulting equation not lose saturation properties, we will use the expansion
μ
M = F (I)(1 − I). We make the following redefinition a → μ. Making such approximation after
some algebra we obtain the following Cubic-Quintic Nonlinear Schrödinger Equation (CQNSE):
iψt + ψss + κ1 ψ + κ3 |ψ|2 ψ − κ5 |ψ|4 ψ = 0

(5.23)

with the following parameter relations
κ1 = −2μ + β, κ3 = 4μ − 10β, κ5 = 4μ − 34β.

(5.24)

Let us analyze some particular interesting cases of the obtained equation (5.23)
I. Case κ5 = 0. In this particular case, the equation (4.22) reduces to the well known nonlinear
Schrödinger equation
(5.25)
iφt + φss + γ|φ|2 φ = 0.
With the following redefined functions and parameters ψ = φ eiκ1 t and κ1 = − 9 γ, κ3 = γ = 24β.
8
The previous nonlinear equation is the famous nonlinear Schrödinger equation that is completely
integrable. Thus there does exist a method for instance an inverse scattering or Hirota methods for
finding its N-soliton solutions. The nonlinear Schrödinger equation is a key model describing wave
processes in weakly dispersive and weakly nonlinear media [9]
Next our aim is to obtain analytical solutions for the hydrogen bond displacement of the DNA
macromolecule. For obtaining some information on DNA properties let us take some solution that
supports the Schrodinger nonlinear equation.
First we consider the sign of the parameter γ be positive. For this case as is well known [16]
when γ > 1 the solution of the NSE (5.25) with the trivial boundary condition (that means when
the field tends to zero as |x| → ∞) is

φ(s, t) =

− 2ν
γ

1/2
Sech

√


−νs exp{−iνt}

(5.26)

being ν an arbitrary constant. Since we are interested in obtaining traveling wave solution, we will
use the well established fact that NSE is invariant under the Galilean transformations




1
iV
s− Vτ
,
(5.27)
ζ = s − V t, τ = t, φ = φ exp −
2
2


where ζ = σ/ Ja , V = v/ Ja that finally gives us the traveling soliton
2
2


 2
i/2

√

iV
V
2ν
i
Sech −ν ζ exp
+ 2ν t .
(5.28)
φ(s, t) = − γ
−
2
2
2
This solution applied to DNA molecular dynamics should imply that a collective wave of bell
type forming a certain open state for the angle deviation defined by |ψ|2 = |φ|2 = (tan(θ/2)2
should be propagated along the chain due to the interaction of the DNA molecule with thermal
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phonons surrounding molecule. This because the collective wave is constructed by the two types of
bell solutions for ψ and for ξ field variables correspondingly.
II. Case. α3 = 0 In this case we have the Quintic Schrödinger equation.
iφt + φss + γ2 |φ|4 φ = 0.

(5.29)

This nonlinear equation supports soliton solution in the attractive case when the coefficient γ2 is
positive. The solution that divides the scenario of the evolution equation in two sectors is possible
to exist [17]
31/4 (−w)1/4
(5.30)
e−iwt .
φ(s, t) = 
√
cosh(2 −ws)
The first sector as is well known is the sector of collapse when the amplitude of the solution
infinitely grows in a finite time. The second scenario correspond to the dispersion solution when the
amplitude decays and the area of its localization grows. The collapse is not physical well solution.
Then in this case it is convenient to introduce other effects perhaps dissipative ones for compensate
the blow up of solutions. These can be numerous nonlinear dissipation mechanisms such as inelastic
collisions of the pair of base of DNA with surrounding proteins molecules which results in loss of
energy by emitting heat. This interesting issue could be studied further.

6. Hydrogen bond displacements
The mixture of both solutions ψ and −ψ will maintain a certain configuration state along the chain
for angle rotations θ and φ. For instance, we can see a configuration made by Sech2 (ζ) and by
−Sech2 (ζ) in such a manner that along the DNA chain should be created a wooden spinning top
state, for the angle θ deviation. In this case, one can observe the envelope of the edges of quasi-spin
arrows. The angle that forms the arrows of quasi spins with respect to the axes ζ represents the
angle deviation from equilibrium position. Far from the central part the excitation zone, the angle
deviations θ in the middle site acquires the maximum value while outside of the center the angles
vanish.
For calculating the traveling waves for displacements X along the hydrogen bonds we can
use the analytical solution (5.26). We replace this solution into the equation (4.19) and integrate
once with respect to the variable ζ. After integration we have obtained a traveling solution for
the displacements X(ζ) with an arbitrary constant of integration X0 . This constant of integration
can be considered by some initial condition imposed to the nonlinear equation (4.19). Further, the
integration has been done numerically and we found the pair compacton structure represented in
the Fig. (1), by virtue of satisfying the trivial boundary condition at infinity and initial conditions.
Resuming, we found a solutions for the hydrogen bond displacements that can be represented by

(6.31)
X(ζ) = X(s − V t) = δ F (|φ|2 )dζ, for − ζ0 ≤ ζ ≤ ζ0 ,
X(ζ) = 0,

elsewhere
1 + |φ| − 6|φ|
4

with

F (|φ|2 ) =

(1 + |φ| )

2 2

2

and δ =

β
4

(6.32)


Ja .
2

(6.33)

This solution represents a couple of compac and anti-compact fused structures. Specifically, the
sector for negative values of independent variable −ζ0 ≤ ζ ≤ 0 corresponds to the compact piece
of the solution and in the region of 0 ≤ ζ ≤ ζ0 lives the anticompacton branch of the solution. Thus,
this solution is made of two different contributions of the waves. As it is well common for similar
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Fig. 1. A couple compacton anti-compacton solution for hydrogen bond displacements along the
DNA. The positive values of displacements elongate the separation of the two strands while the
negative ones stretch this separation. The values of β = 1 was used for numerical integration of
the corresponding equations.
compact structures [13] we observe the discontinuity on its first derivative at points ±ζ0 . Thus,
the compacton sector ensure the formation of open states due to positive values of displacement of
hydrogen bonds, while the anti-compacton sector represents the reconstruction of hydrogen bonds,
see Fig. (1). The compacton and the anti-compacton parts collaborate each other in such a manner
that the DNA molecule preserves its identity. We observe here a natural mechanism of healing the
open states that profusely can be created along the different sector of DNA molecule.
For the second case or the quintic Schrödinger equation, the hydrogen bond displacements can
be obtained analytically and we have the particular solution for example when w = −1
X(ζ) = 1 δ
2

√
2ζ + 4 6 arctanh



√ 
−1 + 3 tanh(ζ)
12 sinh(2ζ)
−√
√
2
3 + cosh(2ζ)

(6.34)

For −ζ0 ≤ ζ ≤ ζ0 .
The profile of this solution has the similar fashion of the previous solution found for the case
of cubic Schrödinger equation with the Fig. (1). Again this solution represents a typical couple
of compacton and anti-compacton pair solution. Although the angle deviations undergo collapse
effects, the corresponding hydrogen displacement shows a regular behavior.
The energy of the compacton pair can be easily calculated by virtue of equation (2.3). The integration with respect to the variable ζ in the interval [−ζ0 , ζ0 ] of first pair compacton anticompacton
can be evaluated directly using the energy density
E = g(Xζ2 ) + hXζ F (|φ|2 )

(6.35)

2
2k a
α
with G = mv + 1 , h = √ 1 and F (|φ|2 ) is defined by the relation (6.33). The compacton
Ja
Ja
2Ja
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solution can emerge only when the velocities do not satisfy the relation mv 2 −2ak1 = 0. Otherwise,
we could encounter nonphysical solutions with infinity values of energy.

7. Conclusions
We have discussed in this contribution the appearance of non classical soliton like excitations along
the DNA molecular model based on the pioneering work of [3]. These solutions could eventually
be responsible for various fundamental processes inside the DNA macromolecule. As is well known
the relation of the quasi-classical field variable of the GCS approach ψ and the angle θ being the
deviation of the angle of the classical spin S see Eq. (2.1) from the OZ axis is the following
|ψ|2 = tan2 (θ/2) [9]. Thus the using of generalized coherent state approach provides us directly
with the possibility to calculate the angle deviation of the ”classical” spin with respect the chosen
direction z. This approach allows as to find the generalized form of the NSE. This NSE for
very specific parameter values represents the well known completely integrable model. The angle
deviation form the axis z will completely determined by the solutions of integrable NSE . These
exact solutions that could serve as a good first approximation in a complex and deep theoretical and
experimental analysis of the DNA molecule. The hydrogen bond displacements, shows unexpected
behavior represented by the couple of compacton anti-compacton solution. The velocity of this
couple is restricted by the relation β > 0 being β defined by equation (4.21).
The evaluation of displacements of the hydrogen bonds along the DNA can be carried out
straightaway by integrating their corresponding nonlinear equations (4.19). We considered that
for displacements that occur sufficiently far from the excitation zone, vanish. Therefore, in both
direction of the axis ζ we will observe the physical interesting case of vanished values of hydrogen bond displacements at long distances from the active zone. By taking in mind this physical
reason and integration of the equation (4.19) we obtain for specific parameter values the compacton anti-compacton couple while the angle θ deviation evolves like a bell soliton along the DNA
macromolecule.
As soon as the nonlinear excitations in whichever segment of the DNA molecule is being
activated by the presence of phonons, nonlinear waves of coupled compacton and anti-compacton
pieces could appear, describing the evolution of hydrogen bonds. The last one could be interpreted
as a healing wave piece that cures the bubble or open states on the DNA segments. As is well known
the open states of DNA chain is considered the precursors of denaturation of this macromolecule.
Thus, we observe that it is very possible that soon after defects of elongation for bond hydrogens
along the chain appear, its dual counter part of a wave immediately turns on restoring its previous
perturbation. We can observe again that the wave of displacements travels in a fashion that resemble
the Cooper pair in electronics dynamics or virtual particles in field theories.
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Supersymmetric models in quantum optics
The supersymmetrical structure of some quantum optics models is studied. The notion of the degree of
supersymmetry is introduced. This concept is valid for discerning the supersymmetry of the quantum
systems with different ground-state (vacuum) structure. The examples of Hamiltonians with a certain
value of the supersymmetry degree are given.

Keywords: quantum optics; Supersymmetric models. PACS number(s): 42.50.Ex

1. Introduction
The notion of supersummetry is widespread in the modern physics. It started with the field theories
uniting bosons and fermions, but with Witten’s supersymmetrical quantum mechanics the similar
structures become quite common [1, 2]. In many problems there are no bosons and fermions
anymore, however, the present terminology is historically still being used. The general formulation
of the concept of supersymmetric quantum mechanics and its structure is described in [3]- [6]. This
paper contains a formal description of the supersymmetric quantum mechanics as algebraic theory
consisting of the Hamiltonian, special operators, which are called superchargers and the algebraic
form distinguishing between ”boson” and ”fermion” sectors of the model. These structures are
define certain Clifford algebra. In the simplest case the baseline construction of this theory is the
existence of a Hamiltonian H1 . This Hamiltonian is a factorable operator, i.e. it can be presented
as a product of two operators
H1 = AB,

(1.1)

here A,B are some operators.
Now, along with the Hamiltonian H1 one can consider the Hamiltonian H2 , obtained from the
H1 by permuting the factors A,B.
H2 = BA.

(1.2)

The Hamiltonians H1 , H2 can be combined into a unit Hamiltonian

H=

H1 0
0 H2




=

0 A
B 0

2
= Q2 .

The operator Q is called supercharge. Equally with the supercharge


0 A
Q1 =
B 0
∗ E-mail:

(1.3)

(1.4)

andrvlad@yandex.ru
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one can consider a supercharge

Q2 =

0 iA
−iB 0


.

(1.5)

The supercharges Q1 , Q2 have the properties
{Q1 , Q1 } = {Q2 , Q2 } = 2H,

(1.6)

[H, Q1 ] = [H, Q2 ] = 0, {Q1 , Q2 } = 0.
Strictly speaking the spectra of the operators H1 and H2 should be identical, but the ground
state may be different. Several cases are possible. First the spectra of the Hamiltonians H1 and
H2 could be completely identical. This takes place in the Jaynes-Cummings model. We call the
supersymmetry of the given type zeroth-degree supersymmetry:
ΔS = 0.

(1.7)

There are certain examples when one of the Hamiltonians, say H2 , has one nondegenerate
ground state
H2 ψ0 = 0,

(1.8)

and H1 has no such a state. So the spectra of the Hamiltonians H1 , H2 differ by single nondegenerate level. This supersymmetry is to be called first-degree supersymmetry:
ΔS = 1.

(1.9)

This type of supersymmetry takes place in the model of two-photon transitions. In the case of
multy-photon transitions the supersymmetry with a degree
ΔS = k

(1.10)

is realized.
This is the general structure of Witten’s supersymmetric model. There are various examples of
its realization. One such example is the supersymmetric quantum mechanics. It was actively studied
in 80 years. In this model the Schrodinger operator, which is a differential operator of second order,
is presented as product of two differential operators of first order.



2
d + b(x) = AB.
(1.11)
H1 = d 2 + U1 (x) = d + a(x)
dx
dx
dx
Now one can construct the operator H2 . It can be done by permutation of the factors A, B.



d + a(x) = d2 + U (x).
(1.12)
H2 = BA = d + b(x)
2
dx
dx
dx2
The eigenfunctions of the operators H1 , H2 are connected by Darboux transformation. Considering them together, one can construct a supersymmetric Hamiltonian
⎛
⎞
d2 + U (x)


0
1
⎜
⎟
H1 0
dx2
⎟.
=⎜
(1.13)
H=
2
⎝
⎠
0 H2
d + U (x)
0
2
dx2
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In this case the supercharges Q1 , Q2 have the form
⎞
⎞
⎛
⎛
d + a(x)
0
0
i( d + a(x))
⎟
⎟
⎜
⎜
dx
dx
Q1 = ⎝
⎠ , Q2 = ⎝
⎠.
d + b(x)
−i( d + b(x))
0
0
dx
dx

(1.14)

The similar structures exist in quantum optics.
Here we give a short review of our results in this field. An alternative approach to the problem
one can find in Refs. [7–11].

2. The Jaynes-Cummings model
The Hamiltonian of the Jaynes-Cummings model is usually written in the form
H1 = h̄ω(a+ a + σ3 ) + g(a+ σ− + aσ+ ).

(2.15)

Here we propose that the detuning Δ = ω − ω0 between the frequency of the cavity mode ω and
the two-level system frequency ω0 is zero. The operators a+ , a are the creation and the annihilation
operators of the bosonic mode and σ± , σ3 are Pauli matrices acting on the states of the two-level
system. The total number of excitations, both bosonic and fermionic, is conserved.
The observables of the system are invariant under a constant phase shift
a+ → eiϕ a+ , a → e−iϕ a.

(2.16)

The specific chose ϕ = π is also conventional as well as ϕ = 0. With the help of this
2
transformation one can get the second Hamiltonian.
H2 = h̄ω(a+ a + σ3 ) + ig(a+ σ− − aσ+ ).

(2.17)

The Hamiltonians (2.15),(2.17) can be considered as the components of unit Hamiltonian H
(1.13). The conventional structure of suprtsymmetric theory according to [4] consists of the supercharge Q, H = Q2 and the hermitian operator γ discerning bosons and fermions with properties
γ 2 = I, {Q, γ} = 0.
Usually
⎛

1
⎜0
γ=⎜
⎝0
0

⎞
0
0
1 0 0 ⎟
⎟,
0 −1 0 ⎠
0 0 −1

and this is also true with the Jaynes-Cummings model.
having the form [12]
⎛
0
0
α
+
⎜ 0
0
βa
Q=⎜
⎝ α∗ β ∗ a 0
0
γ ∗ a+ δ ∗
Q UANTUM C OMPUTERS
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δ ⎟
⎟.
0 ⎠
0
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But one can find that the supercharge in the closed form does not exist. But for the Hamiltonian
Hc = H + cI

(2.19)

with a shifted zero level of energy the supercharge in the form (2.18) still exists. For the Hamiltonian
(2.19) the supercharges Q1 , Q2 reads
⎞
⎛
√
g
−i h̄ωa
0
0
√
⎟
⎜
2 h̄ω
⎟
⎜
√
g ⎟
⎜
+
⎟
⎜
h̄ωa −i √
0
0
⎜
2 h̄ω ⎟
⎟,
Q1 = ⎜
(2.20)
√
g
⎟
⎜
⎟
⎜ √
h̄ωa
0
0
⎟
⎜ 2 h̄ω
⎟
⎜ √
g
⎠
⎝
0
0
i h̄ωa+ i √
2 h̄ω
⎞
⎛
√
g
0
0
i √
h̄ωa
⎟
⎜
2 h̄ω
⎟
⎜
√
g ⎟
⎜
+
⎟
⎜
0
0
i h̄ωa
√
⎜
2 h̄ω ⎟
⎟.
Q2 = ⎜
√
g
⎟
⎜
⎜ −i √
−i h̄ωa
0
0 ⎟
⎟
⎜
⎟
⎜ √ 2 h̄ω
g
⎠
⎝
+
0
0
h̄ωa
√
2 h̄ω
The value of the constant
g2
c = 1 h̄ω +
2
4h̄ω

(2.21)

can be interpreted in terms of an energy gap. In fact, the energy spectrum of the Hamiltonians
(2.15),(2.17) has the form


√
(2.22)
En = 1 h̄ω 1 + 1 ± g n + 1.
2
2
The constant shift c guarantees that the energy cannot be negative for any values of the constant g.
Thus, supersymmetry in the Jaynes-Cummings model is the possibility to consider together
two Hamiltonian, in which photon creation and annihilation operators differ by arbitrary phase.
The supersymmetry is spontaneously broken when there is degeneracy of the ground state and
there exist specific operators commuting with the Hamiltonian and transfering these ground states
into each other. In the case presented, the ground state is twofold degenerate and the bosonic and
fermionic vacuums are
⎛
⎞
⎛
⎞
0
−|k
⎜ 0 ⎟
⎜ |k + 1 ⎟
F
⎟
⎜
⎟
(2.23)
|0B = ⎜
⎝ i|k ⎠ , |0 = ⎝ 0 ⎠ .
|k + 1
0
Here k = max[(g/2h̄ω)2 − 1, 0].
The action of supercharges on these vacuums is described by




√
√
B
F
F
1
1
i
i
g − h̄ω n + 1 |0 , Q1 |0 = √
g − h̄ω n + 1 |0B (,2.24)
Q1 |0 = − √
h̄ω 2
h̄ω 2




1 g − h̄ω √n + 1 |0F , Q |0F = 1
1 g − h̄ω √n + 1 |0B .
Q2 |0B = √1
√
2
h̄ω 2
h̄ω 2
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This is the supersymmetric structure of the Jaynes-Cummings model.
supersymmetry with ΔS = 0 is realized.

In this model the

3. The supersymmetry of two-photon Hamiltonians
In this case we consider the two-photon Hamiltonians describing two proprocesses: two-photon
absorption and stimulated Raman scattering. This two processes can be united into a single supersymmetric Hamiltonian. In contrast to the case of the Jaynes-Cummings model, the case of the
usual Witten-type supersymmetry is realized and the ground state is non-degenerate.
The pair of the Hamiltonians is considered:
+
+
+
H1 = ω1 a+
1 a1 + ω2 a2 a2 + ω0 σ3 + g(a1 a2 σ− + a1 a2 σ+ ), ω0 = ω1 − ω2 ,

H2 =

ω1 a+
1 a1

+

ω2 a+
2 a2

+ ω̃0 σ3 +

+
g(a+
1 a2 σ−

(3.25)

+ a1 a2 σ+ ), ω̃0 = ω1 + ω2 .

The Hamiltonian H1 is used to describe the proprocess of stimulated Raman scattering. The
quantum with frequency ω1 is absorbed and the quantum with frequency ω2 is emitted. The atom
of the Raman-activ medium undergose transformation from the ground to the excited state. The
Hamiltonian H2 describes the proprocess of two-photon absorption when the atom to undergo
transition should absorb two quanta with frequencies ω1 and ω2 respectively.
The compound Hamiltonian has the form


H1 0
+ 1 (ω1 + ω2 )I.
H=
(3.26)
2
0 H2
The energy level shift is necessary to assure the hermiticity of operators of supercharge. The
Hamiltonian H in the form (3.26) isupersymmetric and has the supercharges Q1 , Q2 [13]
⎛

⎛
⎞
βa1
0
0
αa+
1
2
+
⎜ 0
⎜ 0
0
βa1 αa2 ⎟
⎜
⎜
⎟
, Q2 = i ⎝
Q1 = ⎝
0
αa2 δa1
0
0 ⎠
+
+
0
0
0
δa1 αa2

⎞
0 0
0
1 0
0 ⎟
⎟Q .
0 −1 0 ⎠ 1
0 0 −1

(3.27)

Here
α=

√

√
ω2 , β =

√
ω1
u , δ = u ω1 .

(3.28)

The quantity u is the root of the equation
g
1 =
u+ u
.
√
ω1 ω2

(3.29)

The equation (3.29) has two solutions u+ , u− providing two sets of parameters β, δ. Thus,
the Hamiltonian (3.26) has two parametric families of the supercharges (3.27).
The spectrum of the given model is constructed as follows.
The Hamiltonian H1 has eigenvectors


|n, m
,
(3.30)
Ψ1,±
n,m =
±|n + 1, m − 1
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with the corresponding eigenvalues

1,±
= nω1 + mω2 + 1 (ω1 − ω2 ) ± g (n + 1)m.
Ẽn,m
2
The Hamiltonian H2 has eigenvectors

2,±
Ψn,m =

|n, m
±|n + 1, m + 1

(3.31)


,

(3.32)

with the corresponding eigenvalues

2,±
Ẽn,m
= nω1 + mω2 + 1 (ω1 + ω2 ) ± g (n + 1)(m + 1).
2

(3.33)

After the energy level shift 1 (ω1 +ω2 ), which was applied for hermiticity of the supercharges,
2
the spectrum (3.30),(3.33) obtains the form

1,±
En,m
= (n + 1)ω1 + mω2 ± g (n + 1)m.
(3.34)
1,±
= (n + 1)ω1 + (m + 1)ω2 ± g
En,m



(n + 1)(m + 1).

(3.35)

One can see from (3.34) and (3.35) that the spectrum of the supersymmetric Hamiltonian is
twice degenerate.
1,±
2,±
= En,m
.
En,m+1

(3.36)

The each eigenvalue
ss,±
= (n + 1)ω1 + (m + 1)ω2 ± g
En,m

corresponds to two eigenvectors
⎛
⎞
|n, m + 1
⎜ ±|n + 1, m ⎟
⎜
⎟,
Ψss,±
n,m,+ = ⎝
⎠
|n, m
±|n + 1, m
The are also states



(n + 1)(m + 1)

(3.37)

⎛

P siss,±
n,m,−

⎞
|n, m + 1
⎜ ±|n + 1, m ⎟
⎟
=⎜
⎝ −|n, m ⎠ .
±|n + 1, m

(3.38)

⎛

Ψss,±
n,−1

⎞
|n, 0
⎜
⎟
0
⎟
=⎜
⎝
⎠
0
±|n + 1, 0

(3.39)

with energy
ss,±
= (n + 1)ω1 .
En,−1

And the states

⎛

Ψss,±
−1,m

20

⎞
0
⎜
⎟
|0, m
⎟
=⎜
⎝
⎠
0
±|0, m + 1
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with energy
ss,±
E−1,m
= (m + 1)ω2 .

The ground level
ss,±
E0 = E−1,−1
=0

(3.41)

is nondegenerate and the corresponding vacuum eigenvector is expressed as
⎛

Ψss
−1,−1

⎞
0
⎜ 0 ⎟
⎟
=⎜
⎝ 0 ⎠.
|0, 0

(3.42)

For this reason, the model realizes the conventional scheme for supersymmetric quantum mechanics
in which ground state is nondegenerate. All other states are twice degenerate. So in this model the
supersymmetry with ΔS = 1 is realized.

4. The multiphoton transitions
We consider a two-level system interacting with electromagnetic field. There are two modes of the
field and the state of the field is changed by a definite number of quanta for each emission process.
We consider a multiphoton process, when the transition from the excited to the ground state of the
two-level system results in the absorption of n quanta of one mode and emission of m quanta from
another mode. The other process is the decay of the ground state into n quanta of one mode and m
quanta of anotherb mode.
These two processes can be united into one supersymmetric model, however, one must somehow distort the Hamiltonians, describing these processes. First, we consider the standart Hamiltonians and explain what is wrong with them.
The multiphoton Raman process is described by the Hamiltonian
+
+ n m
n + m
H̃1 = ω1 a+
1 a1 + ω2 a2 a2 + ω0 σ3 + g((a1 ) a2 σ− + a1 (a2 ) σ+ ),

ω0 = nω1 − mω2 ,

(4.43)

and the two-mode absorption is described by the Hamiltonian
+
+ n + m
n m
H̃2 = ω1 a+
1 a1 + ω2 a2 a2 + ω̃0 σ3 + g((a1 ) (a2 ) σ− + a1 a2 σ+ ),

ω̃0 = nω1 + mω2 .

(4.44)

The Hamiltonians (4.43) and (4.44) have insufficient richness of structure for supersymmetry,
at least in the class of 4×4 matrices. One can overcome this difficulty if one takes into account that
the self-energy of the systems H10 , H20 commutes with the interaction parts of the Hamiltonians.
This implies the conservation of the total number of exitations in yhe system by the interaction.
+
+ n m
n + m
[H10 , H1int ] = [ω1 a+
1 a1 + ω2 a2 a2 + ω̃0 σ3 , (a1 ) a2 σ− + a1 (a2 ) σ+ ],

[H10 , H1int ]

=

[ω1 a+
1 a1

+

ω2 a+
2 a2

Q UANTUM C OMPUTERS
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ω̃0 σ3 , (a+
1 ) (a2 ) σ−

+
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m
an
1 a2 σ+ ].
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Then one can go into the interaction picture and construct a supersymmetric Hamiltonian
H int = (

=

H1int 0
)=
0 H2int



(4.46)

⎞
0
0 ⎟
⎟Q .
0 ⎠ 1
−1

(4.47)

n m
n + m
0
(a+
1 ) a2 σ− + a1 (a2 ) σ+
n + m
n m
0
(a+
1 ) (a2 ) σ− + a1 a2 σ+

This Hamiltonian has the supercharges Q1 , Q2 [14], [15]
⎛
⎛
⎞
n
0
0
0 (a+
1
1 )
n ⎟
⎜ 0
⎜0
0
a
1
⎟ , Q2 = i ⎜
Q1 = ⎜
⎝ 0 an
⎝0
0
0 ⎠
2
+ n
0
0
0
(a2 ) 0

0
1
0
0

0
0
−1
0

The supersymmetric Hamiltonian (4.46) has the supersymmetry of degry ΔS = nm.

5. Conclusion
In the work we consider some quantum optics models and show that they have a supersymmetry
structure. These models are a quantum field generalization of Witten’s supersymmetrical quantum
mechanics. The notion of the degree ΔS of supersymmetry is introduced. Examples of supersymmetric quantum optics models with the degree of supersymmetry equal to a non-negative integer are
given. The supersymmetrical model with ΔS = 0 is realized in the Jaynes-Cummings model. The
supersymmetrical model with ΔS = 1 corresponds to the model of two photon transitions. And the
supersymmetrical model with ΔS = n ≥ 2 is realized in the model of multiphoton transitions.
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Ricci curvatures describe both field and
particle densities
The continuous elementary source in Einstein’s gravitational theory is the r −4 radial energy density
rather than the delta-operator density in empty-space gravitation. The space energy integral of such an
infinite (astro)particle is finite and determines its nonlocal gravitational charge for the energy-to-energy
attractions with other nonlocal (astro)particles. The non-empty flat space of the undivided material
Universe is charged continuously by the world energy density of the global ensemble of overlapping
radial particles.

Keywords: gravitation; particles. PACS number(s): 73.22.-f
The integration of particles into spatial structures of their fields was assumed by Einstein:
‘We could regard matter as being made up of regions of space in which the field is extremely
intense. . . There would be no room in this new physics for both field and matter, for the field would
be the only reality,’ translation [1].
We rely on the metric formalism [2] of Einstein’s General Relativity (GR) in order to discuss
extended particles and nonlocality of classical masses. Let us consider a non-rotating probe particle
with passive mass mp in a static central field of a gravitational source with the motionless active
mass Ma and active GR energy Ea . The passive GR energy Ep of the probe particle,
√
mp c2 goo
Ep ≡ √
≡ K + UΔ ,
1 − v 2 c−2

(1)

incorporates its Special Relativity (SR) mechanical energy K and the so far undefined contribution of
gravitational energy UΔ . We are not going to employ Newtonian references from the classical massto-mass gravitation for this potential energy, UΔ = UΔ (r), which is an unknown radial function
of distance r between centers of active,
√ Ea , and passive, Ep , nonlocal energies. We plan to use
only SR energy references K ≡ mp c2 / 1 − v 2 c−2 for gravitating mass-energies. Then, Einstein’s
SR and GR may be discussed together as the self-contained SR-GR theory for energy-to-energy
interactions of non-local inertial energies or GR charges.
Based on ‘new’ SR references for the mechanical energy K in (1), one can redesign the GR
metric component goo of the pseudo-Riemannian metric tensor gμν in the following way,
√
√
√
UΔ goo
√
1
K 1 − v 2 c−2
K 1 − v 2 c−2
≡
goo ≡
+
≡
.
(2)
mp c2
Ep
mp c2 (1 − UΔ Ep−1 )
1 − UΔ Ep−1
√
This metric component equally contributes to local physical time dτ = goo dt for an imaginary point observer and to local proper time for probe mass centers in a static field without rotation
(when goi = 0 and ds2 = goo dt2 - dl2 ). The active mass Ma possesses a distributed active energy
Ea of the nonlocal GR source, while the passive mass Mp can be associated with the distributed
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passive-inertial energy Ep of the same radial carrier of matter, which have equal active and passive
mass-energies. A spatial density of active energy of the distributed source-particle is locally balanced
by passive sink-particle energy density in the vanishing [3] Einstein curvature, Goo ≡ g oν Rνo −
− 2−1 g ρν Rρν = 0, for static energy-momentum carrier with locally bound source-particle (active
field) and sink-particle (passive field) fractions of matter-energy.
Einstein maintained that all terms of his 1915 equation should be considered at field points
and we reiterated the continuous, field distribution of gravitational bodies within their spatial field
structures by assigning active mass-energy to distributed source-fields and passive mass-energy to
distributed sink-fields or distributed inertial particles. The 1907 Principle of Equivalence corresponds
to the strict balance of active and passive energy-momentum components of every gesamt (=whole)
energy carrier.
The GR non-empty space equation for the global summary of all local energy densities,
∞
o
1 Go = 0, is valid for the world overlap of static continuous sources and sinks [4]. The
Ricci-Tolman mass-energy density Roo of every gesamt carrier of paired active-passive (source-sink)
energies is jointly contributed by equal densities of the distributed active source-energy Ea and the
distributed passive sink-energy Ep . Two non-vanishing affine connections, Γoio = ∂i goo /2goo , Γioo
√
= ∂i goo /2, with one logarithmic potential W ≡ −c2 ln(1/ goo ) are responsible for the Ricci scalar
density,
R = Ro = g oo R = g oo ∂ Γi − g oo Γi Γo = ∇2 W c−2 + (∇W c−2 )2 ,
(3)
oo
i oo
o
oo io
2
of elementary material spaces with strong static fields in their rest frames, where goi = g oi = 0,
g oo = 1/goo , and gij = −δij . Many relativists tend to drop (∇W/c2 )2 next to the ‘linear’ term
∇2 W/c2 for Newtonian weak field limit (−W/c2 ≈ −UΔ /Ep = +const/r  1) of the Ricci
curvature Roo in the Einstein Equation. Such an erroneous approach to the Ricci tensor formalism
contradicts the Principle of Equivalence which requires local identities, ∇2 W/c2 ≡ (∇W/c2 )2 , of
active and passive mass-energies for both strong and weak gravitational interactions. Even without
references on Einstein’s physics, it is not reasonable mathematics when one claims for the week
field limit (W ≈ −const/r) that ∇2 W ≡ r−1 ∂r2 (rW ) ≈ −r−1 ∂r2 const ≡ 0 is the largest term in
μ
Roo . In fact, the 1915 Einstein equation Gμ
ν = κTν cannot result mathematically in static Newtonian
gravitation, unless one ’simplifies’ this overloaded tensor equation by geometrization of particles in
Too through the Ricci tensor densities within the ‘simplified’ equation Goo = 0.
Contrary to the qualitative interpretation of the Principle of Equivalence for empty space gravitation of point particles, non-empty space physics with Newtonian aether of nonlocal gravitational
bodies can describe the local equivalence of active and passive (inertial) mass-energy densities
quantitatively,


2 2
c4
2
1
∂
∂
ln
r
(4)
ρa c2 ≡ c ∇ W ≡ −
√
r
r
4πG
goo
4πGr2
2

(∇W )2
c4
1
≡ ρp c2 ,
≡
=
∂r ln √
4πG
goo
4πG
with peculiarity-free solutions for the metric tensor component (2) even in strong fields. General
√
radial solutions of the nonlinear Poisson equation (4), 1 − UΔ Ep−1 ≡ 1/ goo = C1 r−1 + C2 ,
depends on two constants C1 and C2 . One constant can be defined (C2 = 1) due to the SR
asymptotic behavior of the GR metric, goo (∞) → 1. The other constant (C1 = GEa /c4 ) can be
found after the volume integration of the active energy density from (4),
 ∞
c4 r2 ∂r (UΔ Ep−1 ) r→∞
√
c4 r2
|r→o .
ρa (r)c2 4πr2 dr = −
(5)
∂r ln(1/ goo )|r→∞
Ea =
r→o =
G
G(1 − UΔ Ep−1 )
o
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The radial potential UΔ Ep−1 = −C1 r−1 of the active nonlocal energy-charge Ea = c4 C1 /G for the
passive (probe) nonlocal energy-charge Ep corresponds to the energy-to-energy attraction law [3]
UΔ = −

GEa
Ep ,
c4 r

(6)

in self-contained GR with SR references.
Again, we specified two constants C1 = GEa /c4 ≡ ro and C2 = 1 through the Principle
of Equivalence for active and passive components of the Ricci-Tolman mass-energy in (3)-(4) and
through the SR asymptotic metric. Therefore, we specified the GR metric tensor component goo =
= (1 + ro r−1 )−2 and the static flatspace metric ds2 = goo dt2 − δij dxi dj (for rest-frame fields
without rotation or net spin) without references on Newtonian gravitation. The GR vector force in
static central fields [5],
√
mp goo
mp
r̂GE
∇ln √1
∇ √1
(7)
= √
= − 4 2a Ep ,
f ≡ √
goo
goo
c r
1 − v2
1 − v2
is exerted upon the passive energy-charge Ep , which is the measure of inertia for the probe mass mp .
The strong field intensity f /Ep keeps Gaussian surface flux (Ea = const) for paired energy-toenergy interactions in flat space. However, active/passive energy-charges are constant in (7) only in
the absence of third bodies which can vary such gravitational/inertial charges in full agreement with
Mach’s ideas [6] embedded into the self-contained SR-GR dynamics (1)-(7) of nonlocal continuous
energies or nonlocal gravitational bodies.
Based on the SR form of the mechanical part of the GR passive (probe) energy Ep , Einstein’s
metric theory quantitatively incorporates Machian ideas and rigorously relates the local component
goo = [1+(ro /r)]−2 to the nonlocal active energy Ea . It is worth noting that every elementary mass
continuously occupies the entire Universe despite the ultrashort gravitational scale ro = Gm/c2 for
the half-mass volume. Indeed, the active and passive mass-energy densities of the radial astrocarrier
with equal active/passive energy charges Ea/p = ro c4 /G = E = mc2 ,
ro
,
(8)
ρa (r)c2 ≡ ρp (r)c2 = E
4πr2 (ro + r)2
exist everywhere, at all radial distances in the nonlocal elementary microcosm of each rest-mass
formation. Electrically bound elementary astrocarriers of active and passive radial GR energies
constitute nonlocal molecules, nonlocal mechanical bodies (cosmism of all people), nonlocal planets,
etc... Ultrashort microscopic scales, ro = GMatom /c2 , of electrically neutral atoms on bodies’
visible surfaces are beyond the Planck quantum length, the 10−18 m instrumental resolution record,
and the human perception level. Nonetheless, all surface and bulk atoms of observed gravitating
bodies are nonlocal astrodistributions of radial active plus passive energies, while centers of spherical
symmetries of these atoms belong to the most dense (visible) frames of an infinite body (with its
low-dense invisible aether). Continuous fields and continuous particles in nonlocal energy-to-energy
gravitation are (yin-yang) paired distributions of equal amounts of matter-energy.
Flat material space with Newtonian aether, specified by the astrodistribution (8) with the radial
particle density n(r) = ro /4πr2 (r + ro )2 , differs in principle from Schwarzschild’s ‘point matter
in empty space’ model of physical reality (roughly described by operator mathematics of the nonanalytical density δ(r) for the point particle approximation). Moreover, our static metric solution

−2
−δij dxi dxj for the universal attraction (6)-(7) of nonlocal passive energyds2 = dt2 1 + ro r−1
charges by the nonlocal active (source) energy-charge has been derived to criticize ad hoc dogmas
of the empty space world with point mass-energy peculiarities. Both elementary electric charges
(with the Gauss flux conservation due to spatial flatness) and masses co-exist for observations in
one 3D space, which therefore must have only one universal, common 3D sub-geometry for all
kinds of particles or fields.
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Density matrices of the nuclear shell model
The presented two-particle translationally invariant density matrices are defined as two-particle density
matrices integrated over centre-of-mass position vector of two last particles and complemented with
isospin variables. In order to simplify shell-model calculations, we propose to use the set of quantum
numbers containing only the number of oscillator quanta E, the total angular momentum J, the total
isospin T , and only one additional integer quantum number responsible for unambiguous enumeration of
the antisymmetric states. On this basis we developed simple and effective procedures for calculation of
translationally invariant density matrices. The procedures concerns the calculation of the one-particle and
two-particle coefficients of fractional parentage for a single j-orbit with isospin, calculation of the twoparticle generalized coefficients of fractional parentage and elimination of spurious states by diagonalizing
centre-of-mass Hamiltonian matrix in the basis of the antisymmetric A-particle oscillator functions with
singled-out dependence on intrinsic coordinates of two last particles. An arbitrary number of oscillator
quanta can be involved. The presented two-particle translationally invariant density matrices may be
used for calculation of expectation values of two-particle nuclear shell-model operators within the isospin
formalism. The calculated density matrices applied for analysis of the level structures of A = 6 and
A = 8 isobars.

Keywords: nuclear shell model; density matrices.
PACS number(s): 73.21.La

1. Introduction
In the last decade significant progress in the nuclear calculations of light atomic nuclei present
the ab initio no-core shell model [1]. The ab initio no-core nuclear shell-model approach obey
the principles of antisymmetry, translational invariance and deal with the latest N N -interactions.
This approach is based on calculation of wave functions for description of many particle systems.
However it is well known that long series expansion of realistic nuclear wave function in shell model
ones is plagued with a number of serious convergence problems. In the light of ever-increasing
model space size, the more promising approach for calculation of identical particle systems may be
based on translationally invariant density matrices instead of wave functions [2]. Since all operators
of observables including intrinsic Hamiltonian and root-mean-square radius operators are symmetric
ones, calculation of their expectation values does not require the complete wave function. Finally,
the description of an A-particle system may be simplified using even a simpler quantity, namely,
the density matrix integrated over the centre-of-mass position vector of two last particles, or the
so-called intracule [3]. In the case of light nuclei, the intracule has to describe the A-particle
system with unexcited centre-of-mass and must be complemented with isospin wariables. We call
such intracule the two-particle translationally invariant density matrix. The advantage is that using
two-particle translationally invariant density matrices we have to deal only with 7 + 7 orbital, spin,
and isospin variables, instead of wave functions containing 5A − 3 variables.
∗ E-mail:

a.deveikis@if.vdu.lt
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In order to simplify shell model states classification and formation algorithms, we propose
to use a well-defined of quantum numbers containing only the number of oscillator quanta E,
the total angular momentum J, the total isospin T , and only one additional integer quantum
number responsible for unambiguous enumeration of the antisymmetric states [4]. Rejection of the
higher-order group-theoretical classification of many-particle antisymmetrical states allows one to
significantly simplify the antisymmetrization procedure for A-particle states. As a consequence,
higher excitations may be added to the model space and more adequate calculations performed. On
this basis we developed simple and effective procedures for calculation of translationally invariant
density matrices. The procedures concerns the calculation of the one-particle and two-particle
coefficients of fractional parentage for a single j-orbit with isospin, calculation of the two-particle
generalized coefficients of fractional parentage and elimination of spurious states by diagonalizing
centre-of-mass Hamiltonian matrix in the basis of the antisymmetric A-particle oscillator functions
with singled-out dependence on intrinsic coordinates of two last particles.

2. Definition of two-particle translationally invariant density matrices
The only quantities really needed for calculation of identical particle systems are two-particle translationally invariant density matrices. It is well known, that the most straightforward way to construct
a density matrix is by the use of coefficients of fractional parentage. However, the calculation of
translationally invariant coefficients of fractional parentage is very sophisticated and until now don’t
succeed even for light atomic nuclei. The translationally invariant density matrices may be calculated by no use of the translationally invariant coefficients of fractional parentage. For this, it
is convenient to introduce the expansion of the product of centre-of-mass ground state function
and intrinsic harmonic oscillator wave-function in terms of antisymmetric but not translationally
invariant shell model wave functions [5]
Ψ00 (ξ0 )Ψ
EΓ JT MJ MT (ξ1 . . . ξA−1 )
=
ΨEKΔJT MJ MT (x1 . . . xA ) aEJT
KΔ;00,Γ .

(2.1)

KΔ

Here Ψ00 (ξ0 ) is the nucleus centre-of-mass ground-state wave function with principal and
orbital angular momentum quantum numbers equal to zero and ΨEΓ JT MJ MT (ξ1 . . . ξA−1 ) is translationally invariant wave function depending on Jacobi coordinates. The summation in this formula
runs over all configurations K and additional quantum number Δ (Γ is the additional quantum number for differentiation of translationally invariant states). The functions from the subspace of the nonspurious motion are the eigenfunctions of the centre-of-mass Hamiltonian. Thus, the coefficients of
this expansion aEJT
KΔ;00,Γ can be obtained by diagonalizing the centre-of-mass Hamiltonian in the basis of not translationally invariant oscillator shell model wave functions ΨEKΔJT MJ MT (x1 . . . xA ).
The calculation of ΨEKΔJT MJ MT (x1 . . . xA ) functions should start from calculation of
single-shell coefficients of fractional parentage (CFPs). Single-shell one-particle CFPs may be
calculated by spectral decomposition of an antisymmetrization operator matrix YA,1


(j A−1 (ΔJT ); j)j A ΔJT |YA,1 |(j A−1 (ΔJT ) ; j)j A ΔJT
 



A−1
2j+J+T +J  +T 
1
(−1)
J , T , J, T
= δ(ΔJT ),(ΔJT ) +
A
A
 A−2

j
(ΔJT ); j|j A−1 (ΔJT )j A−2 (ΔJT ); j|j A−1 (ΔJT ) 
×
(ΔJT )

×
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Here a single bar over quantum numbers indicates the parent state. The specification of single
shell is followed by its total momentums and Δ. CFPs are those eigenvectors of the YA,1 that
correspond to unit eigenvalues. With the use of the CFPs the antisymmetric angular-momentumcoupled A-particle wave function for the nuclear j-shell in an isospin formalism may be expanded
in terms of a complete set of the angular-momentum-coupled parent-state wave functions with a
lower degree of antisymmetry
Φj A ΔJT MJ MT (x1 . . . xA )
!
 A−1
j
(ΔJT ); j|j A ΔJT  Φj A−1 (ΔJT ) (x1 . . . xA−1 ) ⊗ φelsJ  T  (xA )
=
(ΔJT )

.(2.3)
JT MJ MT

The two-particle CFPs may be expressed in terms of obtained one-particle CFPs [6]
j A−2 (ΔJT ); j 2 J  T  |j A ΔJT 

 
= (−1)[j]+J+T +J+T 1 [1 − (−1)J +T ] [J  , T  ]
2
 "
[J, T ]j A−2 (ΔJT ); j|j A−1 (ΔJT )j A−1 (ΔJT ); j|j A ΔJT 
×

(2.4)

(ΔJT )

×

j j J 
J J J

T 
T T T
1
2

1
2

.

A double bar over the list of quantum numbers indicates the A − 2 particle state. Double
primes refer to the separated two-particle subsystem.
Two-particle multishell coefficients of fractional parentage (GCFPs) may be calculated by
means of the one-particle and two-particle CFPs [7]. In the first case the two particles are taken
from different j-shells. This GCFP can be expressed in terms of single-shell one-particle CFP and
the corresponding recoupling coefficient
(EKΔJT ); ((elj)A−1 , (elj)A )J  T  |EKΔJT 
1

= (−1)νr +νp −1 [2nr np /(A(A − 1))] 2
×j nr −1 (ΔJT )r ; jr |j nr (ΔJT )r j np −1 (ΔJT )p ; jp |j np (ΔJT )p 

(2.5)

×((J1 T1 . . . Jr Tr . . . Jp Tp . . . Jk Tk )JT , (jr tr , jp tp )J  T  )JT |
|(J1 T1 . . . (Jr Tr , jr tr )Jr Tr . . . (Jp Tp , jp tp )Jp Tp . . . Jk Tk )JT .
Here subscript r refers to the r-th shell in the configuration, and superscript nr is the number
of particles contained in the r-th shell. The recoupling coefficient is independent on one-particle
quantum numbers and Δ, so their notations are not indicated in its specification. The total momentums of single shells indicated in the recoupling coefficient expression are vector coupled in
an ascending order if another sequence explicitly displayed by parentheses is not introduced. The
k

ni , where sum runs over all shells standing to the right from the r-th shell.
integer is νr =
i=r+1

In the second case two particles are removed from the same shell. The definition of this GCFP
contains simply the two-particle single-shell CFP
(EKΔJT ); ((elj)A−1 , (elj)A )J  T  |EKΔJT 
1

= [nr (nr − 1)/(A(A − 1))] 2 j nr −2 (ΔJT )r ; jr2 J  T  |jrnr (ΔJT )r 
×((J1 T1 . . . Jr Tr . . . Jk Tk )JT , J  T  )JT |
|(J1 T1 . . . (Jr Tr , J  T  )Jr Tr . . . Jk Tk )JT .
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The expectation value of the two-particle operator (centre-of-mass Hamiltonian) can be obtained by expressing them into the single-particle form. This may be accomplished by means of
Jacobi coordinates
⎧
1
⎪

⎪
⎨ξ−1 = √ (rA−1 + rA ) ,
2
(2.7)
1
⎪

⎪ξ2 = √ (rA−1 − rA ) .
⎩
2
The antisymmetric two-particle oscillator shell model functions may be expanded in terms
of vector coupled products of the functions depending on the intrinsic Jacobi variable ξ2 with the
functions depending on the Jacobi coordinate with the nonpositive index ξ−1
|((elj)A−1
, (elj)A )J  T  
=
|((el)−1 , elsj)J  T  ((el)−1 , elsj)J  T  |((elj)A−1 , (elj)A )J  T  . (2.8)
(el)−1 ,elsj

The coefficients for the transition from the antisymmetrical two-particle shell model functions
to the function of ξ2 we call the Jacobi coefficients. The Jacobi coefficients may be expressed via
Trlifaj, 6j and 9j coefficients
((elj)A−1 , (elj)A )J  T  |((el)−1 , elsj)J  T  



1 − (−1)l+s+T
lA−1 +lA +s+J 
[jA−1 , jA , s, j]
= " 
 (−1)
2 1 + δ(elj)A−1 ,(elj)A )
⎧
⎫
 ⎨lA−1 1 jA−1 ⎬


2
l−1 l L
1
[L](el)A−1 , (el)A : L|(el)−1 , el : L1
l
jA
×
.
s J  j ⎩ A 2
⎭
L
L s J 

(2.9)

It is convenient to introduce the coefficients of expansion of the oscillator shell model functions
in terms of the ones with singled out dependence on the intrinsic coordinates of two last particles
(SCFPs). The SCFPs are composed of GCFPs and Jacobi coefficients
(EKΔJT ), ((el)−1 , elsj)J  T  |EKΔJT 

=
(EKΔJT ); ((elj)A−1 , (elj)A )J  T  ||EKΔJT 

(2.10)

(elj)A−1 ,(elj)A

×((elj)A−1 , (elj)A )J  T  |((el)−1 , elsj)J  T  .
The procedure for spurious state elimination is based on projecting out the unexcited centre-ofmass subspace by diagonalizing real symmetric centre-of-mass Hamiltonian matrix (H c.m. ) in the
basis of the antisymmetric A-particle oscillator functions with singled-out dependence on intrinsic
coordinates of two last particles – SCFPs
 
1 EKΔJT |H
c.m. |EK Δ JT 
h̄ω




e
= E + 3 δKΔ,K  Δ − (A − 1)
2
e
((el)−1 ,lsj)J  T 

 
×
(EKΔJT ); ((el)−1 , elsj)J T |EKΔJT 
(EKΔJT )

×(EKΔJT ); ((el)−1 , elsj)J  T  |EK  Δ JT .
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The centre-of-mass Hamiltonian matrix is expressible as the spectral decomposition of idempotent matrices Pα that may be expressed in terms of the original matrix and its eigenvalues
 
n 
n

H
λβ − c.m. /
(λβ − λα ) .
(2.12)
Pα =
h̄ω
β=1
β=α

β=1
β=α

Here λα denote the distinct eigenvalues of the matrix H c.m. . The diagonalization of matrices
Pα was performed with rs() procedure from EISPAC and obtained eigenvectors are coefficients
aEJT
KΔ;00,Γ .
Finally, we may define the only coefficients needed for calculation of two-particle translationally invariant density matrices (CESOs). CESOs are the coefficients of expansion of the oscillator
shell model functions in terms of A-particle oscillator functions with singled-out dependence on
intrinsic coordinates of two last particles and with eliminated spurious states
(EKΔJT ), ((el)−1 , elsj)J  T  ||EΓ JT 

=
(EKΔJT ), ((el)−1 , elsj)J  T  ||EKΔJT aEJT
KΔ;00,Γ .

(2.13)

KΔ

The two-particle translationally invariant density matrices may be expressed in terms of CESOs

EJT ;Γ Γ 
(EKΔJT ), ((el)−1 , elsj)J  T  ||EΓ JT 
WsjT
 ;el,e l =
(2.14)
(EKΔJT ),(el)−1 ,J 
×(EKΔJT ), ((el)−1 , e l sj)J  T  ||EΓ  JT .
The two-particle translationally invariant density matrices satisfies the usual normalization
relation which may be used for the evaluation of the accuracy of the calculations

EJT ;Γ Γ 
WsjT
 ;el,el = δΓ,Γ  .
(2.15)
elsjT 

3. Calculations and Results
The procedures for calculation of two-particle translationally invariant density matrices were implemented in computer code. The theoretical formulation have been illustrated by calculation of
translationally invariant density matrices for Ex = 0, 1, 2, 3, 4 excitations in the case of A = 6
and JT = 21 nucleus. The efficiency of the proposed procedures was tested on Pentium 3 GHz
PC with 1 GB RAM. The FORTRAN90 program for two-particle translationally invariant density
matrices calculation were run on Fortran PowerStation 4.0. The computational results are presented
in Table 1. The columns of the table are: Ex is the number of excitation quanta; #SCFP is the
number of SCFPs; dH is the dimension of centre-of-mass Hamiltonian matrix; rP is the rank of Pα
matrix (λα = 3/2); #a is the number of aEJT
KΔ;00,Γ coefficients; #CESO is the number of CESOs;
#DM is the number of two-particle translationally invariant density matrices; dW is the dimension two-particle translationally invariant density matrices; accuracy is the accuracy of two-particle
translationally invariant density matrices computation.
The obtained density matrices may be used for approximate analysis of the light nuclei spectrum in the framework of reduced Hamiltonian method [2]. In this method the binding energies of
the ground and excited states of the atomic nucleus may be expressed in terms of the N N -potential
characteristics, given by the corresponding reduced Hamiltonian operator

εi ωi,Λ ,
(3.16)
EΛ =
i
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Table 1. The A = 6, JT = 21 calculation data of two-particle translationally invariant density
matrices for up to 4 h̄ω excitation quanta.
Ex

#SCFP

dH

rp

#a

#CESO

#DM

dW

accuracy

0

68

–

–

–

104

7

2

3.55E-15

1

2286

18

15

270

6840

14

15

5.77E-15

2

38860

116

72

8352

178560

21

72

9.10E-15

3

361355

507

260

131820

2621060

31

260

1.88E-14

4

2831348

1869

789

1474641

27324648

40

789

4.24E-14

here the set of quantum numbers Λ defnes the nuclear state under investigation, εi is the eigenvalue
of the reduced Hamiltonian operator in the two nucleon channel i, and ωi,Λ is the diagonal element
of the exact realistic density matrix.
The major role in the stability of light atomic nuclei play the two nucleon channel 3 S1 − 3 D1 .
According to the reduced Hamiltonian method, the 3 D1 state admixture to the 3 S1 state should
be maximized in the expansion of the exact realistic density matrices ωi,Λ in terms of the model
density matrices. We will use the obtained two-particle translationally invariant density matrices as
the model density matrices.
Let us start from the A = 6 case. In zero approximation (Ex = 0) the diagonal entries of the
calculated density matrices for the six nucleon system have some admixture of 3 D1 state only in the
three J Π T = 1+ 0 states. At first glance it looks like the obtained results suggests that the first three
states in the 6 Li nucleus should be the J Π T = 1+ 0 states. After the diagonalization of the 3 D1
density matrix only one of its diagonal entries becomes nonzero value. So, only one state of the six
nucleon system acquire the nonzero 3 D1 state admixture in the two-nucleon reduced Hamiltonian
channel and, as consequence, this state should be the most bound one. In the A = 6 case there
exists only one stable state – the ground state of the 6 Li nucleus. We obtain the good agreement
between theoretical and experimental results in this case. The excited states of the A = 6 acquire
the nonzero 3 D1 state admixture only for higher Ex > 0 excitations. However, in this case the
sequence of A = 6 J Π T energy levels do not follow to the sequence of maximal values of diagonal
elements of the calculated density matrices after the diagonalization. This may be explained by
peculiarities of the realistic N N -potential and values of the reduced Hamiltonian operator εi .
In the A = 8 case the computational results of 3 D1 translationally invariant density matrices
for zero excitation (Ex = 0) are presented in Table 2. The columns of the table are: J Π T
are the total angular momentum, parity and isospin of the eight nucleon system; #DM is the
total number of two-particle translationally invariant density matrices; dW is the dimension of the
3
D1 density matrices; #N is the number of nonzero diagonal entries of the 3 D1 density matrix
after its diagonalization; Wj,j is the largest diagonal entry of of the 3 D1 density matrix after its
diagonalization. Wj,j entry have the largest value for the 0+ 0 isobars state. This is in the full
agreement with experimental results – the ground (stable) state of the 8 Be nucleus. The sequence of
excited states of the 8 Be: 2+ 0 and 4+ 0 correspond to the sequence of maximal values of diagonal
elements of the calculated 3 D1 density matrices after the diagonalization. It should be pointed, that
computation results for 2+ 1 state do not fit the experimental data and can’t be explained in the zero
approximation. The sequence of excited states of the 8 Li: 1+ 1 and 3+ 1 correspond to the sequence
of calculated diagonal entries 3 D1 density matrices after their diagonalization. In the case of 0+ 2
there is no 3 D1 density matrix. So, this state is unbound comparing with the isobars states which
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have the 3 D1 two-particle state. That J Π T values correspond to the high lying ground states 0+ 2
of 8 He and 8 C in full agreement with experimental situation.
Table 2. The A = 6 calculation data of two-particle translationally invariant density matrices in
zero approximation (Ex = 0).
J ΠT
0+ 0
2+ 0
4+ 0
2+ 1
1+ 1
3+ 1
0+ 2

#DM
12
12
11
12
12
12
–

dW
5
8
3
7
8
5
–

#N
3
5
1
3
5
2
–

Wj,j
4.21E-2
2.85E-2
1.46E-2
2.29E-2
2.61E-2
1.59E-2
–

4. Conclusions
The presented formalism consistently lines the principles of antisymmetrization and translational
invariance and is implicitly based on the reduced Hamiltonian method [2]. The proposed density
matrices are very suitable for exact realistic density matrix expansion, since they allow one to
avoid using realistic spectator functions for description of the subsystem of the rest A − 2 particles.
Moreover, the translationally invariant density matrices may be calculated in an antisymmetric but
not translationally invariant CESOs basis, so the sophisticated calculation of translationally invariant
coefficients of fractional parentage may be completely avoided.
A distinct feature of this formalism is in the complete rejection of group-theoretical classification of antisymmetric many-particle states. This is a remarkable circumstance, because a benefit
could be gained due to simplicity and comprehensibility of such kind of calculations. It should be
noted that as is common in the ab initio shell-model calculations the density matrices calculation
time grows exponentially with the number of nucleons and the excitation energy. However due to
the simplified method for enumeration of A-particle states the effective classification procedures of
A-particle states may be applied and computation of density matrices may be efficiently managed.
The new computer code proves to be quick, efficient, numerically stable, and produces results
possessing only small numerical uncertainties. The efficiency of the proposed procedure was illustrated by calculation of two-particle translationally invariant density matrices in a complete basis
(0 − 4)h̄ω for A = 6 and JT = 21. The accuracy of calculated two-particle translationally invariant density matrices is extremely high (< 10−12 in tested cases). At the same time the dimensions
of matrices involved (centre-of-mass Hamiltonian) are very low. The presented in the Table 1 results
clearly show that approach based on density matrices may considerably reduce the memory demand
on the storage of the shell-model calculations results. The dimensions of two-particle translationally invariant density matrices are very low. Moreover, since the symmetric nature of the density
matrices only their upper triangle should be stored. This number of quantities is considerably less
than the corresponding number of CESOs. The obtained result indicates that the two-particle translationally invariant density matrices may be may be stored, transferred and used for calculation of
expectation values of two-particle nuclear shell-model operators within the isospin formalism much
more easily than the coefficients of fractional parentage.
The analysis of the level structures of A = 6 and A = 8 isobars imply that the calculated
density matrices may be successfuly used for exact realistic density matrix expansion.
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Electron trapping in weakly coupled concentric
quantum rings
We investigate the electron localization in double concentric quantum rings (DCQRs) when a perpendicular magnetic field is applied. In weakly coupled DCQRs, the situation can occur when the single electron
energy levels associated with different rings may be crossed. To avoid degeneracy, the anti-crossing of
these levels has a place. We show that in this DCQR the electron spatial transition between the rings
occurs due to the electron level anti-crossing. The anti-crossing of the levels with different radial quantum numbers (and equal orbital quantum numbers) provides the conditions for electron tunneling between
rings. To study electronic structure of the semiconductor DCQR, the single sub-band effective mass
approach with energy dependence was used. Results of numerical simulation for the electron transition
are presented for DCQRs of geometry related to one fabricated in experiment.

Keywords: quantum dots, single electron levels, single-electron tunneling
PACS 73.21.La, 73.22.Dj, 85.35.G

1. Introduction
Quantum Rings (QR) are remarkable meso- and nanostructures due to their non-simply connected
topology and attracted much attention last decade. This interest supported essentially by the progress
in the fabrication of the structures with wide range of geometries including single and double rings
[1-5]. This interest rouse tremendously in the connection to the problem of the persistent current
in mesoscopic rings [6].Transition from meso - to nano -scale makes more favorable the coherence
conditions and permit to reduce the problem to the few or even to single electron.
Application of the transverse magnetic field B leads to the novel effects: Whereas the quantum
dots (QDs) of the corresponding shape (circular for two dimensional (2D), cylindrical or spherical
for 3D) has degeneracy in the radial n and orbital l quantum numbers, QR due to the double
connectedness in the absence of the magnetic field B has degeneracy only in l, and the nonzero B
lifts the degeneracy in l, thus making possible the energy level crossing at some value of B [7],
potentially providing the single electron transition from one state to the another.
Use the configurations with double concentric QR (DCQR) reveals a new pattern: one can
observe the transition between different rings in analogy with atomic phenomena. For the DCQR,
the 3D treatment is especially important when one includes the inter ring coupling due to the
tunneling. The dependence on the geometries of the rings (size, shape and etc.) [7, 8] becomes
essential.
In the light of above mentioned, it is not surprising that numerous papers were devoted in the
recent years to the different aspects of DCQR [9-12].
∗ E-mail:

ifilikhin@nccu.edu
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In the present paper, we visualize interesting features occurring in DCQR composed of GaAs
in an Al0.70 Ga0.30 As substrate [4] and the electron transition between rings under influence of
the transverse magnetic field B. Therefore, we concentrate here, in contrast with some previous
related papers, to the electron spatial transition between inner and outer rings of DCQR which is
accompanied by energy levels transition with different radial quantum numbers n. The present
work is close, in essence, to Ref. [12] where the effect of a magnetic field on the energy levels
of electron and holes for cylindrical shaped DCQR was determined for fixed size and for radial
quantum number n=1,2, with orbital quantum number |l|changing from 1 to 4.
We will see that the spatial transition of electrons in DCQR between rings occur due to the
level anti-crossing providing the conditions for tunneling between rings. In this study we use realistic
confining potentials including ones motivated by the experimental fabrication of QRs [4]. Due to the
small sizes of the considering DCQRs, we use approximation in which the non-parabolicity of the
conduction band is taken into account. That results a shift energy levels and increases the electron
effective mass from the bulk value. Proposed model reproduces the observed PL data [4] including
levels with different radial quantum numbers. We show principal possibility for the electron trapping
in inner ring (or dot) of DCQR which may have application in quantum computing.

2. Model
The GaAs DCQRs rings, embedded into the Al0.70 Ga0.30 As substrate, are considered. We use the
single sub-band approach, what is justified due to the relatively large band gap of GaAs. The
problem can be expressed by the following Schrödinger equation
+
*
(2.1)
Ĥkp + Vc (r) Ψ (r) = EΨ (r) .
h̄2
∇, m∗ (r, E) is the
2m(r, E)∗
electron effective mass, and Vc (r) is the band gap potential, Vc (r) = 0 inside the QR and is equal
to Ec outside the QR, where Ec is defined by the conduction band offset for the bulk. The BenDaniel-Duke boundary conditions are used on interface of the material of QR and substrate. This
consideration was restricted by the electron and heavy hole carriers, and the Coulomb interaction
was excluded. In order to account for the non-parabolic effect, the energy dependence of the carrier
effective mass is introduced: m∗ /m0 = f (E, r), where m0 is the free electron mass, andf (E, r)
is a function of confinement energy [8,13-15]. This function is described by Kane formula [16].
We used the linear dependence of the electron effective mass on energy. The effective mass in QR
varies between the bulk values for effective mass of the QR and substrate materials and the energy
is rearranged by the quantum well depth.
The Schrödinger equation (2.1) with the energy dependence of effective mass is solved by
the iteration procedure. For each step of the iterations the equation (2.1) is reduced to Schrödinger
equation with the effective mass of the current step which does not depend on energy. Obtained
eigenvalue problem is solved numerically by the finite element method. After that, a new value
for effective mass is taken by using f (E, r) and procedure is repeated. The convergence of the
effective mass during the procedure has a place after 3-5 steps.
For each step of the procedure the Schrödinger equation (2.1) is written in cylindrical coordinates, with constant magnetic field in the z direction (B = B ẑ), as follows:


2
∂
1 ∂Φn,l + 1 ∂Φn,l − l2 Φ
+
− h̄
n,l
2
∂ρ m∗ ∂ρ
m∗ ρ ∂ρ
m∗ ρ2
(2.2)
2 ∂ 2 Φn,l
m∗ ωc2 ρ2
h̄lωc
h̄
= 0,
+
Φn,l +
Φn,l + [Vc (ρ, z) − E] Φn,l −
2
8
2m∗ ∂z 2
Here Ĥkp is the single band kp-Hamiltonian operator Ĥkp = −∇
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Ψn,l (ρ, z, ϕ) = Φn,l (ρ, z) eilϕ , where n = 1, 2, . . . are radial and l = ±0, ±1, ... are orbital
quantum numbers. ωc = |e|B/m∗ is the cyclotron frequency. First magnetic field term in (2.2)
is orbital Zeeman term, the second - diamagnetic term. The electron spin Zeeman effect has been
ignored here since it is small.
The values m*=0.067m0 and 0.093m0 is used for the bulk values of the electron effective
masses in the materials of DCQR and substrate respectively. The effective mass of DCQR differs
from the bulk value, and this difference is defined by energy of the electron in the considered
state. The confinement potential Vc (r) is zero in the rings and 0.262 eV in the substrate [4]. The
contribution of strain was ignored in this paper because the lattice mismatch between the rings and
the substrate is small. For the effective mass of heavy hole we used the value of 0.51m0 in GaAs
and 0.57m0 in Al0.70 Ga0.30 As. The confinement potential Vc (r)has the value of 0.195 eV [4].
There is a problem of notation for states for DCQR. If we consider single QR (SQR) then
for each value of the orbital quantum number |l| = 0, 1, 2, ... in Eq. (2.2) we can definite radial
quantum number n = 1, 2, 3, ....corresponding to the numbers of the eigenvalues of the problem
(2.2) in order of increasing. One can organize the spectrum by sub-bands defined by different n.
When we consider the weakly coupled DCQR, in contrast of SQR, the number of these sub-bands is
doubled due to known splitting the spectrum of double quantum object [17]. Electron in the weakly
coupled DCQR can be localized in the inner or outer ring. In principle, in this two rings problem
one should introduce a pair of separate sets of quantum numbers (ni , l) where index i = 1, 2
denoted the rings where electron is localized. However, it is more convenient, due to the symmetry
of the problem , to have one pair (n, l) numbers ascribed to the different rings (inner or outer), in
other words, we use a set of quantum numbers (n, l),p where p is dichotomic parameter attributed
to the electron localization (“inner“ or “outer“ ).
Since we are interested here in the electron transition between rings and, as we will see
below, this transition can occur due to the electron levels anti-crossing followed a tunneling, we
concentrate on the changing of the quantum numbers n. The anti-crossing is accompanied by
changing the quantum numbers n and p of the (n, l), p set.

3. Experimentally fabricated DCQR
The GaAs QRs and DQRs rings, embedded into the Al0.70 Ga0.30 As substrate, are considered. We
use the geometry of the DCQR which are close to one proposed in [4]. The DCQR cross section
is presented in Fig. 1a. Since a profile of the quantum dots in [4] was not explicitly given, this
geometry slightly differs from original one used in [4]. However our calculations for the electron
energy with this geometry lead to similar results as it was obtained in [4]. To compare with results
of [4], we neglected the non-parabolic effect, discussed above, and use the effective masses of the
carriers, and the confinement potentials, as in [4]: m∗GaAs /m∗AlGaAs =0.067/0.093, Ec =262 meV
for the electron, and m∗GaAs /m∗AlGaAs =0.51/0.57, Ec =195 meV the for heavy hole.
An interesting problem related to the GaAs self-assembled structures deals with the increase
of the electron effective mass of QD, QR and DQR, respectively. The non-parabolic effect leads
to a change in the effective mass of the carriers in quantum nanosize objects [1,13]. The initial
GaAs QDs are quite large in size [4]; therefore for the QD this effect is minimal. The effective
electron mass of the QD is practically equal to a bulk mass of the GaAs. It should be noted that
the fabrication of DCQRs is accompanied by decreasing of the object size in one or two directions.
Taking the energy dependence of the electron effective mass into account, we calculated the effective
masses of the DCQR. The results of the calculations are shown in Fig. 1b, where a simple energy
dependence of the effective mass (function f (E, r) in Eq.(2.1)) is represented as a linear function
connecting the points corresponding to the bulk values of the effective mass in GaAs and AlGaAs
Q UANTUM C OMPUTERS

AND

C OMPUTING , V. 11, 2011

37

I. F ILIKHIN , S.G. M ATINYAN ,

AND

B. V LAHOVIC

Fig. 1. a) Cross section of DCQR. The sizes are given in nm. b) The effective mass and energy
of electron in the states n = 1, 2, 3 (l = 0) c) The optical transmission spectrum and experimental
data from [4]. The solid lines are results of calculation [4]; dashed lines are results of the present
work. The arrow shows the (2,0) pick of the PL transition relative the (1,0) exciton energy.
materials, respectively. We obtained for the electron effective mass of the ground state the value
of 0.074m0 , which is slightly larger than the bulk value of 0.067m0 . For the excited states, the
effective mass will increase with respect to the bulk value of the AlGaAs substrate. In Fig. 1c the
few energy peaks of the optical transmission spectrum are shown along the experimental data [4]
and calculated results. One can see that our calculated levels are shifted relative the results of [4]
due the non-parabolic effect. The effect can be neglected for first two levels, but for higher levels
it becomes to be important. The experimental peaks are well reproduced by our calculations.

4. Electron transfer between rings of DCQR in magnetic field
Electron transfer in the DCQR considered is induced by external factor like a magnetic or electric
fields. Probability for this transfer strongly depends on the geometry of DCQR. The geometry has
to allow the existing the weakly coupled electron states. To explain it, we note that DCQR can be
described as a system of double quantum well. It means that there is splitting of energy spectrum on
two sub-bands [17,18] relative the one for single quantum object. In the case non interacting wells
(no electron tunneling between wells) the each sub-band is related with left or right quantum well.
The wave function of the electron is localized in the left or right quantum well. When the tunneling
is possible (strong coupling state of the system), the wave function is spread out over whole volume
of the system. In a magnetic field, it is allowed an intermediate situation (weak coupled states)
when the tunneling is possible due to anti-crossing of the levels.
Strongly localized states exist in the DCQR with the geometry motivated by the fabricated
DCQR in Ref. [4]. The wave functions of the two s-states of the single electron with n = 1, 2
are shown in Fig. 2, where the electron state n = 1 is localized in outer ring, and the electron
staten = 2 is localized in inner ring. Moreover all states of the sub-bands with n = 1, 2, and
|l| = 1, 2, 3, . . . , are well localized in the DCQR. The electron localization is in outer ring for
n = 1, |l| = 0, 1, 2..., and in inner ring for n = 2, |l| = 0, 1, 2.... It is shown in Fig. 3 for several
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Fig. 2. The squares of wave functions for the a)(1, 0),outer (E = 0.072 eV) and b)(2, 0),inner
(E = 0.080 eV) states are shown by contour plots. The contour of the DCQR cross-section is
given. The sizes are in nm.
low-lying electron levels. The difference between spectra of the two sub-bands presented Fig. 3
can be explained by competition of two terms of the Hamiltonian of Eq. (2.2) and geometry factor.
The first term includes first derivative of wave function over ρ in kinetic energy; the second is the
centrifugal term. For |l| = 0 the centrifugal force pushes the electron into outer ring. One can see
that the density of the levels is higher in the outer ring. Obviously, the geometry plays a role also.
In particular, one can regulate density of levels of the rings by changing a ratio of the lateral sizes
of the rings.
Summarizing, one can say that for B=0 the well separated states are only the states (1, l), p
and (2, l), p. Thus, used notation is proper only for these states. The wave functions of the rest
states (n > 2, l) are distributed between inner and outer rings. These states are strongly coupled
states. In Ref. [12] the (2, l), p and (1, l), p states are denoted as the L and H states, respectively.
We have to note that difference of the both descriptions is in that the notation [12] does not describe
the position change of the electron in the states (2, l), p or (1, l), p under increasing magnetic field.
Crossing of electron levels in the magnetic field B are presented in Fig. 4. There are
crossings of the levels without electron transfer between the rings. This situation is like when we
have crossing levels of two independent rings. There are two crossings when the orbital quantum
number is changed due to the Aharonov-Bohm (AB) effect. It occurs at about 0.42 T and 2.5 T.
There are two anti-crossings: the first is at 4.8 T, another is at 5.2 T. These anti-crossings are for the
states with different n; the first are states (1,0) and (2,0) and the second are states (1,-1) and (2,-1).
In these anti-crossings the possibility for electron tunneling between rings are realized. In Fig. 5
we show how the root mean square (rms) of the electron radius is changed due to the tunneling
at anti-crossing. One can conclude from Fig. 4–5 that the electron transition between rings is
only possible when the anti-crossed levels have different radial quantum numbers and equal orbital
quantum numbers. Transformation of the profile of the electron wave function during the process
of anti-crossing with increasing B is given in Fig. 6. The electron state (1, −1),outer is considered
as “initial” state of an electron (B = 0). The electron is localized in outer ring. Rms radius is
calculated to be R=39.6 nm. For B = 5.2 T, the second state is the tunneling state corresponding
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Fig. 3. Electron energyE and position of single electron in DCQR for the states with n = 1, 2,l =
= 0, 1, 2, ...5. The quantum number each state is shown. Fine lines connect the upper and lower
members of the “doublets” ((n = 1, 2), l), for l = 0, 1, 2. Energy is measured from bottom edge of
conduction bands alignment.

Fig. 4. Single electron energies of DCQR as a function of magnetic field magnitude B. Notation
for the curves: the double dashed (solid) lines mean states with l = 0 (l = −1) with n = 1, 2. The
quantum numbers of the states and positions of the electron in DCQR are shown.
to the anti-crossing with the state (0,-1). The wave function is spreading out in both rings with
R = 32.7 nm. The parameter p has no definite value for this state. The “final” state is considered
at B = 7 T. In this state the electron localized in inner ring with R = 17.6 nm. Consequently
connecting these three states of the electron, we come to an electron trapping, when the electron

40

Q UANTUM C OMPUTERS

AND

C OMPUTING , V. 11, 2011

E LECTRON

TRAPPING IN WEAKLY COUPLED CONCENTRIC

QUANTUM RINGS

of outer ring (”initial” state) is transferred to the inner ring (”final” state). The transfer process is
governed by the magnetic field.

Fig. 5. Rms radius of an electron in DCQR as a function of magnetic field for the states a)
((n = 1, 2), l = 0) and b) ((n = 1, 2), l = −1) near point of the anti-crossing. The calculated
values are shown by solid and open circles. The dashed (solid) line, associated with states of l = 0
(l = −1), fits the calculated points.
In the case of planar QRs (H  R) the relationship between the energy and the magnetic flux
Φ can approximately be described by the following relation for the ideal quantum ring of radius
R in a perpendicular magnetic field B: Ep (l) = h̄2 /(2m ∗ Rp2 )(l + Φ/Φ0 )2 , where Φ = πR2 B,
Φ0 = h/e, and p means inner or outer ring, Φ0 = 4135.7 T nm2. It is clear that this relation
leads to the periodic oscillations of the energy with the AB period ΔB = Φ0 /πR2 . Using rms
radius as R, one can obtain for the inner ring ΔB/2 = 2.1 T, for the outer ring ΔB/2=0.42 T.
The R are 17.7 nm and 39.6 nm, respectively. The obtained values for ΔB/2 corresponding to
the level crossing (n, 0) and (n, −1), where n = 2, 1, shown in Fig. 4, about at 2.5 T and 0.42
T, respectively. Thus, this rough estimation qualitatively reproduces the results for the AB period
presented in the Fig. 4.
Note that the energy gap between anti-crossed levels, which one can see in Fig. 4, can be
explained by the general theory for double interacting quantum well (see [18], for instance). The
value of the gap depends on separation distance between the rings, governed by the overlapping
wave functions corresponding to the each ring, and their spatial spread which mainly depends on
radial quantum number of the states.
Other interesting quantum system is the system representing as QR with QD located in the
center of the QR. The cross section of the system is given in Fig. 7a. In Fig. 7b we present the
results of calculations for electron energies of the (1,0) and (3,0) states in the magnetic field B (see
[19], also). Once more, we can see the situation of the level anti-crossing for about of 12.5 T. This
anti-crossing is accompanied by exchange of electron localization between the QD and the QR. It
means that if initial state (for B < 12.5 T) of electron was the state (1,0),outer, then the ”final”
state (for B > 12.5 T) will be (1,0),inner. The energy of the dot-localized state grows more slowly
than the envelope ring-localized state. It is interesting that at the enough large B the dot-localized
state becomes the ground state [20] (by choosing appropriate geometry). When the Landau orbit
of electron becomes smaller then dot size, electron can enter the dot without an extra increase of
kinetic energy. It will be useful variant of trapping of electron in QD for quantum computing.
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Fig. 6. Profiles of the normalized square wave function of electron in the states a) (1, −1), outer;
b) (1, −1),n/a and c) (1, −1), inner for different magnetic field B. a) is the “initial” state (B = 0)
with R=39.6 nm, b) is the state of electron transfer (B=5.2 T) with R=32.7 nm, c) is the “final”
state (B=7 T) with R=17.6 nm. The radial coordinate ρ is given in nm (see Fig. 1 for the DCQR
cross section).

Fig. 7. a) Cross section of the QR with QD system. Sizes are given in nm. b) Energies of the (1,0)
and (3,0) states in the magnetic field B for the QR with QD system. The open symbols mean that
the electron is localized in the ring. The solid circles mean that the electron localized in QD.

5. Conclusion
Nanosize quantum rings were studied in the single sub-band approach, taking into account the
non-parabolicity of the conduction band due to energy dependence of the electron effective mass.
Realistic 3D geometry relevant to the experimental DCQR fabrication was considered.
We make visible main properties of this weakly coupled DCQD established by several level
anti-crossings that occurred for the states with different radial quantum number (n = 1, 2) and equal
orbital quantum number l.
We may conclude that the fate of the single electron in DCQRs is governed by the structure of
the energy levels with their crossing and anti-crossing and changing with magnetic field. The above
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described behavior is the result of the nontrivial excitation characteristic of the DCQRs. Effect of
the trapping of electron in inner QR (QD) of DCQR may be interesting from the point of view of
quantum computing.
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Semiconductor quantum ring in strong lateral
electrostatic field
The specificity of single-particle and electron-hole pair’s states in semiconductor quantum ring in the
presence of strong external homogeneous electrostatic field is examined theoretically. The finiteness of
the ring thickness in both radial and perpendicular to the radial plane direction is taken into account.
The analytic form of wave functions and results of numerical calculations for the energy spectrum of
interacting electron-hole pair in the ring in the presence of external field are presented. The relevant
characteristics for interband electro-optical transitions in the ring are calculated analytically also. It is
shown that absorption intensities and threshold frequencies of interband electro-optical transitions depend
explicitly on geometrical sizes of sample, on intensities of external field, and on effective masses of
charge carriers.

Keywords: nanoring, homogeneous field, electroabsorption.
PACS numbers: 78.67.-n, 78.67.Ch, 78.20.Jq

1. Introduction
During the last decades electronic and optical properties of low-dimensional semiconductor structures have been studied both experimentally and theoretically. Along with long-known systems like
quantum wells (quantum films), quantum wires, quantum dots and superlattices, the novel confined
structures called quantum rings (QRs) attract much attention [1–4]. It is common knowledge that the
electronic, optical and kinetic properties of low-dimensional structures such as semiconductor quantum rings (SQR’s) are strongly affected by the external static electric fields. Investigations of optical
properties of these nanostructures and external electric fields’ effects are one of the important foundations for further exploration of potential applications of such nanostructures in nanoelectrononic
and optoelectronic devices. In Ref. [5] the electronic states of a semiconductor quantum ring under
an applied lateral electric field are theoretically investigated and the direct optical absorption are
reported as a function of the electric field. The effects of an external electric field on the electronic
and optical spectra of SQR threaded by a magnetic flux have studied in Ref. [6]. The excitonic
absorption spectra of nanoring double quantum wells subjected to radial and lateral electric fields
are theoretically investigated in Ref. [7]. It was shown also, that the electro-optic excitonic absorption spectra show very different behaviors for different electric-field configurations. The optical
Aharonow-Bohm effect for an exciton in SQR in the presence of a perpendicular electric field is
studied in Ref. [8]. The electrical tuning of intersubband transitions in SQR was studied in Ref. [9].
It should be noted that the discussion of strong fields’ effect on SQRs is interesting in the sense that
these fields significantly alter the energy profile of confining potential of nanoheterostructure along
the corresponding direction. In this paper the specificity of single-particle states of charge carriers
in semiconductor quantum ring in the presence of strong lateral homogeneous electrostatic field,
and electrooptical transitions in such structure are examined theoretically. The paper is organized
∗ E-mail:
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as follows. In Sec.II we describe the modeling approaches of the problem. Analytical expressions
for wave functions and energy spectrum of single-electron states in QR at the absence of external
fields are obtained in that Section also. In Sec.III analytical expressions for the wave functions and
energy spectrum of the single-electron states in QR in the presence of external fields are obtained.
The analytical expressions for the wave functions and energy spectrum of electron-hole pair in QR
in the presence of external fields are obtained in Sec.IV. The results are discussed in Sec.V, and the
conclusions are presented in Sec.VI.

2. General assumption and physical model
We present the system under consideration in the form of nanoring-“nanowasher” (Fig.1) with the
thickness L = R2 − R1 and height d.Confining potential of the QR in the absence of external fields
is approximated by the infinitely deep rectangular potential wells:

0, when R1  r  R2 ; 0  z  d;
U (0) (r, z) =
(2.1)
∞, when r < R1 , r > R2 ; z < 0, z > d;

Fig. 1. The geometry of the system
Connecting to the geometrical sizes of the sample we assume that the following conditions
take place
(2.2)
L, d  aex ; L, d  R1 ,
where aex is the Bohr radius of a bulk exciton in the SQR’s material.
, ,
,,
Let us assume now that the external electric field with intensity ,E
, is directed along the
 = (Ex , 0, 0). By resolving the corresponding placeLaplace equation [10] we obtain the
x-axis: E
following expression for electrostatic energy V (r, ϕ) of the longitudinal motion of charge carrier
within the QR:


(2.3)
V (r, φ) = Br + C
r cos φ ≡ V (r) Fx cos φ
Here Fx = eEx , and the constants B and C are as follows:
B = Fx

2 (ε2,1 + 1) R22
(ε2,1 + 1)2 R22 − (ε2,1 − 1)2 R12
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C = Fx

2 (ε2,1 − 1) R12 R22
(ε2,1 + 1)2 R22 − (ε2,1 − 1)2 R12

≡ Fx C0 ,

(2.5)

where ε2,1 = ε2 /ε1 , and ε1 , ε2 are the static dielectric constants of medium and QR’s material,
respectively.

3. Single-electron states in the presence of lateral external field
The corresponding Schrodinger equation for the particle’s motion in (r, φ) plane in isotropic effective mass (μ)approximation has the form




2
2
1
∂
1
∂
h̄
∂
r
+ 2
−
(3.6)
ψ (r, φ) + V (r, φ) ψ (r, φ) = Etr ψ (r, φ) ;
2μ r ∂r
∂r
r ∂φ2
Here Etr is the total energy of transversal motion of particle in (r, φ)plane.
Now taking into account the condition (2.3) it is obvious that the functions 1/r2 and Br +
+ C/ralter comparatively “slowly” in the [R1 , R2 ] interval:
,
,
,
,
, R−2 − R−2 ,
, V (R ) − V (R ) ,
2
1 ,
, 2
,
1 ,
L
L 1 ; (ε > 1)
; ,
,
,<
,<
2,1
,
,
R1
R1 ε2,1
,
,
V (R1 )
R1−2
In view of that, it is possible to replace these functions in Eq.(3.6) by their adiabatic average
(0)
meanings, built on the “non-perturbed” radial functions Φn (r). It allows us to present full wave
function ψ (r, φ) of particle’s transversal motion in the following form [11]:

ψ (r, φ) =

Φ(0)
n

(r) u (r , φ) ;

Φ(0)
n

(r) =

2
L

sin

πn (r − R1 )
L
; n = 1, 2, . . .
√
r

(3.7)

After this substitution the radial and angular variables in Eq. (3.6) can be separated and we
will come to the following equations by the φ- variable:
2

− h̄
2μ

-

1
r2

.

∂ 2 u (φ)
∂φ2

+ V (r) Fx cos φu (φ) = Eang u (φ) .

(3.8)

along the angular motion in the presence of field:Etr =
Here Eang is the particle’s energy
/
= Eang + Erad ; Erad = π 2 h̄2 n2 2μL2 , and Erad is the radial motion’s energy. Correspondingly,
instead of Eq.(3.9) we can write after averaging:
d2 u (ϑ)
dη 2
Here
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+

2
2
8μRn
8μRn
V0 Fx
Eang u (ϑ) +
u (ϑ) cos 2ϑ = 0;
2
h̄
h̄2


ϑ=



C
R
L
∼
V0 = V (r) = B0 R1 1 +
+ 0 ln 2 ;
2R1
L
R1



2
0 −2 1
3
L
L
−2
−2
∼R
+ 2 1−
Rn = r
1−
.
=
1
R1
R1
2π 2 n2
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If the external field is “strong” enough, i.e. the condition
V0 Fx
1
El

(3.10)

is fulfilled, we can present cos 2ϑ in the following form: cos 2ϑ ∼
= 1 − 2ϑ2 . After that we will
come to the following oscillator-type Schrodinger equation:
d2 u (ϑ)
dη

2

+

2
8μRn
(Eang + V0 Fx ) u (ϑ) − σn2 ϑ2 u (ϑ) = 0;
2
h̄

σn2 =

2
16μRn
V0 Fx
.
h̄2

(3.11)

For corresponding energy Eang and wave function u (η) we obtain now:
2




h̄2 V0 Fx
1 − V F ≡ h̄Ω k + 1 − V F ; (k = 0, 1, 2...)
k
+
Eang ≡ Ek (F ) =
0
x
n
0 x
2
2
2
μRn
(3.12)
1

2
√
σ ϑ2
σn
· Hk ( σn ϑ) exp − n
uk (ϑ) = 1k 1
.
(3.13)
π
2
2 k!
Here Hk (x) are Hermit polynomials, and k = 0, 1, 2, ... It is clear that in framework of model
under considered we will have the same equations and same results for the hole.
At the same time, in this case, when the Coulomb interaction between the electron and hole is
neglected, we can use the known results to describe the motion along the z-axis [12]:

2 2 2
πs
(3.14)
wi (zi ) = 2 sin i zi ; Esi = π h̄ s2 ; (s = 1, 2, ...; i = e, h) .
d
d
2μi d

4. Electron–hole pair in QR in the presence of strong external field
Let us now consider the electron-hole pair’s states in the ring when the Coulomb interaction is
taking into account. Correspondingly for the energy and wave functions of pair’s transversal motion
we can write:
(0)
Etr = (Etr )e + (Etr )h ; ψe,h (re , rh ; φe , φh ) = Φ(0)
ne (re ) Φnh (rh ) uke (φe ) ukh (φh )

(4.15)

Taking into account the conditions (2.2) - (2.3), we obtain for pair’s interacting potential the
following expression:
Ueh = −

α
α
∼
= −"
=
|re − rh |
2
2
2
(ze − zh ) + re + rh − 2re rh cos (φe − φh )
∼
= −"

(4.16)

α

.

(ze − zh )2 + b2

Here α is the effective interacting constant, and b = 2R1 (1 + L/2R1 ) ; (d, ze , zh  b).
For pair’s motion by z - coordinate we can write now the following equation:
⎡
⎤
2
2
⎢ h̄2 ∂ 2
⎥
α
− h̄ ∂ 2 − "
⎣−
⎦ g (ze , zh ) = Eeh g (ze , zh )
2μe ∂ze2
2μh ∂zh
2
(ze − zh ) + b2
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By the taking into account the conditions (2.2) and (2.3) it is possible to present in interacting
potential Ueh in the form


zh2
ze2
ze zh
α
Ueh ≈ −
(4.18)
1− 2 − 2 + 2 .
b
2b
2b
b


ze zh
α
as a perturbation. OhereCorrespondingly, it is possible to account the member −
b b2
fore, instead of the Eq.(4.17) we can write now two “non- perturbed” equations:


2
2
zi2
(0)
(0) (0)
h̄
∂
α
−
−
gi (zi ) = Ei gi (zi ) ;
1− 2
2μi ∂zi2
2b
2b
(4.19)
*
+
(0)
(0)
gi (0) = gi (d) = 0; i = e, h .
The solution of this equation can be presented in the following form [13]:
1
(0)
gi

2
λi zi2 2
3 − βi , 3 , λi zi
1 F1
2
2
4
2
4λi
d
d

2 
2μi d
(0)
Ei + α .
βi =
2b
h̄2

λ2 z 2
(zi ) = Ci exp − i 2i
2d

;
(4.20)

:− 1
9 ,
,2
/
 d , (0)
2
,
Here Ci = 0 ,gi (zi ), dzi
is the normalization constant, λ2i = μi d4 α h̄2 b3 , and
(0)

1 F1

(a, c, x) is Kummer confluent hypergeometric function. The energy spectrum Ei is defined
from the boundary condition


3 − βi , 3 , λ = 0.
(4.21)
1 F1
i
4
4λi 2
In Table 1 the first five values of parameter βi are presented for the five values of λi .

Table 1. First five β - roots of equation 1 F1
λλ /ββ
0.01
0.05
0.08
0.1
0.2

βi1
9.86963
9.87031
9.87141
9.87243
9.88091

βi2
39.47845
39.47922
39.48047
39.48162
39.49124

3 − βi , 3 , λ
i
4
4λi 2

βi3
88.82647
88.82726
88.82854
88.82972
88.83955


=0

βi4
157.9137
157.9145
157.9158
157.9171
157.9269

βi5
246.7401
246.7409
246.7422
246.7434
246.7534

(0)

For the “non-perturbed” energy Eeh of e-h pair we obtain, correspondingly:
(0)

(0)

(0)

Eeh = Ee(0) + Eh ; (Ei )si =

h̄2 βi,si
2μi d2

− α ; (i = e, h; si = 1, 2, 3, ...) .
2b

(4.22)

(0)

Full “non-perturbed” wave function Ψeh (re , rh )of pair takes the following form:
(0)

(0)

(0)
(0)
Ψeh (re , rh ) = Φ(0)
ne (re ) Φnh (rh ) uke (φe ) ukh (φh ) ge (ze ) gh (zh ) .
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(1)

(0)
gi

First-order energy correction Eeh , calculated using the asymptotic behavior of functions
(zi ) at d  b[12], is presented in the following form:
(1)
Eeh

z z
α
= e, h|(− α e 2h )|e, h ∼
=−
b b
b



2
1 + 11 d2
12 b


.

(4.24)

5. Discussion of results
From the results obtained in the first place one should highlight the fact that under the influence of
strong external electrostatic field, the spatial separation of electron and hole takes place in QR.
The strong external field creates a new deep potential well by the angular variable. Because
of this, along with the quantum confinement in the radial direction, the charge carriers in the QR
are additionally localized also along their angular motion in (φ, r)plane.
The external field separates electron and hole along the field’s direction and traps them to the
opposite ends of the ring’s diameter. Instead of the rotation in the QR circle the particle under
action of a strong external field vibrates now in a narrow angular cone of the azimuth variable. The
localization cones of opposite charges are disposed at opposite edges of the QR’s diameter directed
along the external homogeneous field.
Simultaneously, the presence of external field leads to the explicit dependence of the wave
functions on the effective masses of charge carriers.
These factors undoubtedly have an influence on the optical transitions in QR.
Let us consider the interband optical dipole transitions between the states of valence(|v) and
conductive(|c) bands and examine the influence of external field on these transitions. For the
perturbation A, related to the light wave, we will have in dipole approximation [12]:
|q| A0
) .
A = m c (e · p
0

(5.25)

Here A0 is the amplitude of vector-potential, p
is a 3D operator of momentum, mo is the mass
of free electron, and c is wave’s velocity in free space. The incident light wave with frequency ωis
directed along the Y – axis and is polarized linearly along the X- axis: e = e (1, 0, 0). Note that
(0)
using the asymptotic behavior of functions gi (zi )at zi , d  b, with sufficient accuracy we can
obtain that

2 2 2
πs
(0)
∼
∼ π h̄ si ; si = 1, 2, 3, ...
gi (zi ) = 2 sin i zi ; Es(0)
(5.26)
i =
d
d
2μi d2
When such orientation of the sample and the incident wave takes place we obtain the following
selection rules:
1. by radial quantum number: nc = nv ≡ n;
2. by oscillator quantum number: number: |kc − kv | = 0, 2, 4, ...;
3. by quantum number along z – axis: sc = sv ≡ s.
For the “partial” threshold frequencies (ωc,v ) of these transitions we will have:
h̄ωc,v





2 2 2
2 2 2
(1)
h̄
n
π
1
1
+ h̄Ωv kv +
+ π h̄ s2 + Eeh ;
= Eg +
+ h̄Ωc kc +
2
2
2μcv L2
2μcv d
 −1
−1 
.
μcv = μ−1
c + μv
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Using the explicit form of the functions and taking into account the above selection rules let
us represent the results of calculations of “oscillator” matrix elements Jc,v = ukc (η) | ukv (η)
for the transitions between the first few lowest states:
1/2
;
a) kc = kv = 0; |J0,0 |2 = 8 τ
1+τ
2
b) kc = kv = 1; |J1,1 | = 4 |J0,0 |2

τ
; (τ = μv /μc ) ;
(1 + τ )2
,
,
, 1 − τ ,2
, ;
c) kv = 0; kc = 2; |J2,0 |2 = |J0,0 |2 1 ,,
2 1+τ, ,
,
, 1 − τ ,2
2
2
6τ
,
, .
d) kv = 1; kc = 3; |J3,1 | = |J0,0 |
,
,
(1 + τ )2 1 + τ

(5.28)

Because of the complete discrete spectrum of charge carriers, the absorption will have a
strongly resonant character. Experimental observation of the specificity of the electroabsorption
in the considered system is ”secured” by the supervision of the resonance absorption peaks. The
positions of these peaks are determined by the values of the threshold frequencies.
Specified values of these frequencies, as seen from the above results, are determined by the
intensity of the external field and its own geometric dimensions of the sample.

6. Conclusions
In the results obtained in this study we can conclude the following:
The energy spectrum of charge carriers in SQR in the presence of strong lateral homogeneous
electric field is a strongly discrete. This spectrum is a substructure, which is characterized by a set
of three quantum numbers.
Under the influence of strong external field the rotational motion of carriers around the circumference of the ring disappears. Instead, the electron and hole begins to oscillate in a narrow
angular cone at the opposite ends of a diameter in the direction of the field.
Because of this spatial separation of electron and hole, the Coulomb interaction between them
in the ring with sufficient accuracy can be regarded as a perturbation.
It is possible to modify the optical-energy parameters of the system by variation of geometrical
sizes of the sample and the intensity of external field in a controlled manner. At the same time the
dependence of absorption coefficient upon ratio μv /μc opens a possibility to define the value μv
experimentally, when the value μc is known.
As a consequence, we can conclude that in the application plan there is a real opportunity to
use the theoretical results obtained for the electrical tuning of optical transitions in quantum ring.
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Axiomatization of classical and quantum physics of
non-inertial reference frames
The problem of axiomatization of physics formulated by Hilbert as early as 1900 and known as the Sixth
Problem of Hilbert. This naturally evokes the following questions: Is it possible, without drastically
changing the mathematics apparatus, to set up the axiomatics of physics so as to transform physics, being
presently a multitude of unmatched theories with inconsistent axiomatics, into an integrated Classical
and Quantum Physics? Is it possible, maybe through expanding their scopes, to generalize of transform
the existing axiomatics into an integral system of axioms in such a manner that existing axiomatics of
inconsistent Classical and Quantum theories would follow there from as a particular case?

Keywords: axiomatic mechanics, jeceleration, seleration, Kinematic Principle, Dynamic Principle,
Static Principle.
PACS: 05.45.Mt, 03.65.Ud.
An axiom is a statement adopted without proof. Therefore, there is no other way of obtaining
an axiom than to merely guess it. It is rather hard to resist the temptation of declaring an axiom
every phenomenon inexplicable in the framework of a particular theory. In such a case, on the one
hand, the consistency of a theory would not be compromised, and on the other hand, the problem
of explanation of this phenomenon is avoided. However, this approach is erroneous and fallacious,
as the number of axioms cannot grow in an uncontrollable manner; the number of axioms shall be
minimized. Only this way one can expect minimization of likely errors should some axioms be
guessed inadequately. At the same time, it is impossible to avoid axioms at all, because, according
to Godel theorem, each theory comprises statements impossible to be proved within the framework
of this theory. It is these statements that constitute the foundation of the theory, governing its results
and implications.
On the one hand, it seems evident that having altered a single word in an axiom, we could
obtain dramatic changes in the theory. Hence, arbitrary altering of axioms is inadmissible, as
otherwise we would get a chaotic set of axioms rather than an axiomatic system. On the other
hand, science is not a church doctrine, but rather, a system of theories based on guessed axioms.
Therefore, one should be extremely careful in altering axioms to adapt them to the obtained new
results. Otherwise, the description of the physical reality would result as a multitude of inconsistent,
often mutually contradicting, axioms. And, as it has been mentioned, the number of axioms should
be reduced to the minimum.
Historically, the axiomatics of physics has by all means experienced alterations. For example,
if we compare the classical Newtonian physics with its predecessor, Aristotelian physics, we can
easily see that while axiomatics of Aristotelian physics presumed motion to occur only provided
a force being applied to the body, the axiomatics of Newtonian classical physics states that motion may occur also if no force is applied to the body. Therefore, Aristotelian physics postulates
∗ E-mail:
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that the dynamics of bodies is described by first order differential equations, whereas Newtonian
physics (with the Laws of Newton being from the mathematical viewpoint the axiomatics of classical physics[1]) postulates proportionality of the force applied to the body to its acceleration. In
other words, the Laws of Newton postulate the description of body dynamics by the second order
differential equations. Newton employed the concept of the absolute space being the space related
to fixed stars. Such space can be called Euclidian.
Is it correct to consider the Laws of Newton to be the axiomatics of classical physics? The
answer is definitely positive. Shall we, and may we, expand their scope of application to microobjects? Quantum mechanics is a physical description of particles employing the definition of inertial
reference frame, hence employing the First Newton’s Law. The First Law states that any body free
form interactions with other bodies would have constant velocity. So, how is velocity defined in
quantum mechanics? It is done through the average with wave function ψ

(1)
< ẋ >= ψ ∗ ẋψdx.
In a quantum (real) reference frame < ẋ >= const there always exist infinitesimal fields,
waves, and forces perturbing an ideal inertial reference frame. This follows from one of the general
definitions of Mach principle [2]: “Local physical laws are determined by large-scale structure of
the Universe”. Commenting the Mach principle, let us note that in this case the definition of inertial
properties of a body is determined by multi-particle interactions with all bodies in the Universe. The
description of the case of particle motion with higher derivatives of coordinates in time has been
for the first time published in 1850 by M. Ostrogradsky; it is known as an Ostrogradsky Canonical
Formalism [3]. Being a mathematician, Ostrogradsky considered coordinate systems rather than
reference systems. This case corresponds to a quantum (real) reference frame comprising not only
inertial reference frames, but also non-inertial ones, determined, according to Mach principle, by
multi-particle interactions with all bodies moving in the Universe. Inertial reference frames defines
by all bodies moving in the Universe [2]

d2 (  ρ(r)rdV ) = 0.
ρ(r)dV
dt2
Here ρ(r) is the function of the distribution of all masses in the Universe with the volume V .
Definition
A kinematic state of a mechanical system with constant higher derivative ẋ(n) = const is
called defined if the kinematics of the body is described with a differential equation
...
(2)
F (x, ẋ, ẍ, x, ..., ẋ(n) ) = 0.
Let us assume that if in an arbitrary (any) reference frame the average value of a higher
derivative is constant,
n
(3)
< ẋ(n) >=< d nx >= const.
dt
then the function F is finite.
Kinematic Principle (Inertial Principle)
A kinematic state of a mechanical system free from interactions with other bodies is observerdependent and persists until its interaction with other bodies alters its kinematic state.
The acceleration for a body with free from interactions with other bodies is a constant for
the observer in the constant-accelerated reference frame. In this case the acceleration is define the
kinematic state of the body because in that case the acceleration is the invariant for the reference
frame of the observer.
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Let us call an invariant of a reference frame the constant higher derivative that does not change
in case of transformation of coordinates
...
x = f (x, ẋ, ẍ, x, ..., ẋ(n) )


t = t.

(4)
(5)

Then the kinematic state of a mechanical system free form interactions with other bodies
depends on the invariant of the observer’s reference frame.
Let us call a harmonic reference system the reference system with a clock and an observer
oscillating harmonically, in which any body free from interactions with other bodies would maintain
the average value of its higher derivative. For a reference system oscillating harmonically let us
consider the invariant the < ẋ(n) >= const. In a harmonic reference frame a coordinate of the
body may be described by the function of classic, quantum, and geometrized relativistic physics
of the general relativistic theory does not in the least fade away, but on the contrary, becomes
more pronounced each year. This naturally evokes the following questions: 1. Is it possible,
without drastically changing the mathematics apparatus, to set up the axiomatics of physics so as to
transform physics, being presently a multitude of unmatched theories with inconsistent
ϕ(t, x) = ϕ0 exp i(kx + ωt)

(6)

being ϕ0 the amplitude of oscillation, k and ω the wave vector and angular frequency of oscillations,
respectively.
In the particular case,
ϕ(t, x) ≈ kx + ωt = Ki X i
(7)
and being Ki 4-dimensional wave vector and X i 4-coordinate of the body, i = 0, 1, 2, 3 in a
harmonic reference frame. In this case, function ϕ describes the 4-coordinate of the body multiplied
by a constant coefficient. In a vibrating reference frame the coordinate of a body may be expressed
with arrays of harmonic oscillations.
Dynamic Principle
There exist reference frames in which the dynamics of a body is described by the equation:
...
...
k1 ẋ + k2 ẍ + k3 x + ...k2n ẋ(2n) = F (x, ẋ, ẍ, x, ..., ẋ(n) ).

(8)

We will call such reference frames real. Or
...
k1 v + k2 a + k3 j + k4 s + ...k2n ẋ(2n) = F (x, ẋ, ẍ, x, ..., ẋ(n) ),

(9)

...
where the jerk (jeceleration) j = da = x can be finding like the derivation of the vector of bodies
dt
acceleration a with respect of time and the vector of snap (seleration) is the forth derivation with
dj
= ẋ(4) .
respect of time s =
dt
Let us call a force F the quantitative measure of the interaction between the bodies.
The generalized principle of relativity of Galileo means in this case that the order of the
differential equation (8) describing the dynamics of a mechanical system with the invariant of the
reference frame ẋ(n) = const does not alter at transformation (4,5).
The differential equation (8) corresponds to the description of the body dynamics in a nonisolated (open) mechanical system with the external forces of the system with odd derivatives,
corresponding, for example, to losses due to friction and radiation. Odd derivatives correspond
to losses (friction or radiation) and describe irreversible cases for open systems not satisfying
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variational principles of mechanics. The case of an isolated (close) mechanical system corresponds
the differential equation with even derivatives.
....
...
k2 ẍ + k4 x + ...k2n ẋ(2n) = F (x, ẋ, ẍ, x, ..., ẋ(n) )

(10)

The reference frames, in which the dynamics of a system is described by the equation
...
< k2 ẍ >=< F (x, ẋ, ẍ, x, ..., ẋ(n) ) >,

(11)

we will call inertial reference frames. Here, the proportionality coefficient in the equation k2 of
dynamics (9) is the mass of a body.
Static Principle.
If a particle rests along an arbitrary direction, then the resultant force acting thereon along
this direction is zero.
For inertial frames, the Lagrangian L depends only on coordinates and their first derivatives
L = L(x, ẋ) [4]. For the case of quantum (real) reference frames the Lagrangian depends on
...
coordinates and their higher derivatives and has the form L = L(x, ẋ, ẍ, x, ..., ẋ(n) ).
Let us consider in more detail such precise description of dynamics of bodies motion accounting for quantum (real) reference frames determined, according to our model, by complex
multi-particle interactions with all bodies in the Universe.
For an accurate description of dynamics of bodies motion accounting for higher derivatives,
let us consider the body in an arbitrary reference frame, denoting the position r of the body in the
space as and time as t. Then, expanding the function r = r(t) into Taylor’s series in the zero point,
we get
...
(12)
r = r0 + ṙt + 1 r̈t2 + 1 r t3 + ... + 1 ṙ(n) tn + ...
2!
3!
n!
Let us denote
rN = r0 + ṙt + 1 r̈t2
2!
and the additional correction variables qr for our model with arbitrary reference frames as , where
- is a value equal to zero in the classical Newtonian mechanics
...
qr = 1 r t3 + ... + 1 ṙ(n) tn + ...
3!
n!

(13)

Then
r = rN + qr .
In our case the description discrepancy and uncertainty between the two models h is equal to
the difference in descriptions of a test particle in the extended Newtonian dynamics with the
...
Lagrangian L = L(x, ẋ, ẍ, x, ..., ẋ(n) ) and Newtonian dynamics in the inertial reference frames
with the Lagrangian L = L(x, ẋ):

...
...
(L(x, ẋ, ẍ, x, ..., ẋ(n) ) − L(x, ẋ))dt = S(x, ẋ, ẍ, x, ..., ẋ(n) ) − S(x, ẋ) = h
(14)
Let us apply the least action principle [5]:

δS = δ

L(r˙ , r )dt =

 
N
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Then the generalized Euler-Lagrange equation for real reference frames will take on the form
N


N
(−1)N d N ∂L
= 0.
dt ∂ ṙ(N )
n=0

(16)

Or,
∂L − d ∂L + d2 ∂L − ... + (−1)N dN ∂L = 0.
∂r
dt ∂ ṙ
dt2 ∂r̈
dtN ∂ ṙ(N )
Then the generalized Euler-Lagrange equations will take on the form

(17)

∂L − d ∂L + d2 ∂L − ... + (−1)N dN
∂L = 0
∂r
dt ∂ Ḋ(1) r
dt2 ∂ Ḋ(2) r
dtN ∂ Ḋ(N ) r
For L = L(q, q̇, q̈)
E = β0 q 2 + β1 q̇ 2 + β2 q̈ 2 .

(18)

Denoting the Appel’s energy of acceleration [5] Q, β1 , β2 , β3 being constant factors, we obtain
for kinetic energy W and potential energy V , respectively,
E = V +W +Q

(19)

V = β0 q 2 ,

(20)

W = β1 q̇ 2 ,

(21)

Q = β2 q̈ 2 .

(22)

The generalized Hamilton-Jacobi equation with higher derivatives for the action function will take
on the form
(∇S)2
− ∂S =
+ V + Q,
(23)
2m
∂t
From purely classical trajectories considered we to find the Bohm’s quantum potential [6]
whereas the key is the wave function. Let’s compare Q with the Bohm’s quantum potential and
complement Eq. (23) with the continuity equation. If Q ≈ β3 (∇2 S/m2 ), where the value of the
constant is chosen β3 = ih̄m/2, in the first approximation, we obtain for the function ψ = eiS/h̄
the Schroedinger equation
2
∂ψ
= − h̄ ∇2 ψ + V ψ.
(24)
2m
∂t
Then, considering quantum microobjects in the curved space, we must take into account the
fact that the scalar product of two 4-vectors Ai and B k is gik Ai B k , where for weak gravitational
fields one may use the value hik , which is the solution of Einstein’s equations for the case of weak
gravitational field in harmonic coordinates.
The correlation factor M of the projection of stochastic vector variables λi onto directions Ak
and B n set by the polarizers (all these vectors being unity ones) is [7,8]
,

,
, ,,
,
,
, , 1
i k
m n
|M | = |< AB >| = ,< λ A glk λ B gmn >, = ,
cos φ cos(φ + θ)dφ,, =
2π

ih̄

= |cos θ|
due to the equations following from differential geometry,
cos φ = √
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cos(φ + θ) = √

gmn λm An
.
√
λm λm B n Bn

Here φ is the angle between λi and Ak , (φ + θ) is between λm and B n .
This means coincidence of the Bell’s observable [9] with the experimental results in real
(quantum) reference frames. All vectors here being unity ones with metrics averaging in the weak
field approximation yielding unity; is the angle between polarizers, vector An is equal to vector B n
rotated by the angle θ, and indices taking the values i = 0, 1, 2, 3. Finally, we get
|MAB | = |cos θ| .

(25)

The maximum value of the Bell’s observable S is
|< S >| = 1 |< MAB > + < MA B > + < MAB  > − < MA B  >| =
2
,
,
,
, √
1
π
π
3π
π
,
= ,cos(− ) + cos( ) + cos( ) − cos( ),, = 2,
2
4
4
4
4
where θ = π , being the doubled angle between direction of the polarizers A and B.
4
To sum it up, all equations of classical mechanics in the proposed model possess additional
terms in the form of higher derivatives. At that, these additional terms are zero not always, but only
in special cases, i.e. in the inertial reference frames.
Additional terms in the form of higher derivatives may play the role of hidden variables
complementing both quantum and classic mechanics for the consolidation them to the Axiomatic
Mechanics. Additional terms have non-local character, which enables their employment for description of non-local effects of quantum mechanics.
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Thermal noise and coating optimization in
multilayer dielectric mirrors
Optical multilayer coatings of high-reflective mirrors significantly determine properties of Fabry-Perot
resonators. Thermal (Brownian) noise in these coatings produce excess phase noise which can seriously
degrade the sensitivity of high-precision measurements using these cavities. In particular, it is one of
the main limiting factors at the current stage in laser gravitational-wave detectors (for example, project
LIGO). We present a method to calculate this effect accurately and analyze different strategies to diminish
it by optimizing the coating.
Traditionally the effect of the Brownian noise is calculated as if the beam is reflected from the very
surface of the mirror’s coating. However, the beam penetrates the coating and Brownian expansion of the
layers leads to dephasing of interference in the coating and consequently to an additional change in the
reflected amplitude and phase. Fluctuations in the thickness of a layer change the strain in the medium
and hence, due to a photoelastic effect, change the refractive index of this layer. This additional effect
should also be considered. It is possible to reduce the noise by changing the total number and thicknesses
of high and low refractive layers preserving the reflectivity. We show how an optimized coating may be
constructed analytically rather than numerically as before. We also check the possibility of using internal
resonant layers, an optimized cap layer and double mirrors to decrease the thermal noise.

Keywords: dielectric mirrors; optical effects.
PACS number(s): 04.80.Nn, 42.79.Wc, 07.60.Ly, 05.40.Ca

1. Introduction
Any precise measurement faces the challenge of different noises superposing a useful signal. Brownian noise coming from chaotic thermal motion of particles is one of the enemies. A Michelson interferometer is able to detect minor changes in the lengths of its arms: two beams traveling different
optical paths, interfere on the detector producing intensity which depends on the difference between
phases of the beams. Thermal (sometimes also called Brownian) noise in coatings and substrates
of the interferometer’s mirrors results in fluctuations of their surfaces which add a random phase to
the waves. This effect is one of the key factors limiting the sensitivity of laser gravitational-wave
detectors [2]. Though the thickness of the multilayer coating is just several micrometers, the internal
mechanical losses in layers is several orders of magnitude larger then in the substrate. That is why
coating thermal noise, in accordance with the fluctuation-dissipation theorem, exceeds other noises
produced in the mirrors [10].
In this paper we analyze different effects and strategies aimed at decreasing the thermal coating
noise for a generalized multilayer reflective coating. Traditionally, the effect of the Brownian noise
is calculated as if the beam is reflected from the surface of the mirror’s coating, fluctuating as an
incoherent sum of the fluctuations of each layer and of the substrate. However, the beam actually
penetrates the coating and Brownian expansion of the layers leads to dephasing of interference and
∗ E-mail:noxobar@mail.ru
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consequently to an additional change in the reflected phase [11] and amplitude. Fluctuations in the
thickness of a layer change the strain in the medium and hence due to photoelastic effect change
the refractive index of this layer. This additional effect should also be considered. It was proposed
in [12,16] to change the number of layers and thicknesses of high and low refractive components in
order to diminish the noise while preserving the reflectivity. We also check the possibility of using
internal resonant layers [15], an optimized cap layer [10] and double mirrors [14] to decrease the
thermal noise.
Brownian noise is not the only source of noise produced by the coating. Fluctuations of
temperature, which are translated into a displacement of mirror’s surface through thermal expansion
(thermoelastic noise) [5,7] and a change of the optical path due to fluctuations of the refraction index
(thermorefractive noise) [6] combine to produce generalized thermo-optical noise [8, 10]. Brownian fluctuations causing displacement of mirrors’ surface and the previously neglected correlated
photoelastic effect produced by these fluctuations form Brownian branch of noises. The Brownian
branch of noises, which is the topic of this paper, and thermo-optical noise are uncorrelated as they
represent uncorrelated fluctuations of volume and temperature.

2. Multilayer coating phase noise
2.1. Reflectivity
To calculate the amplitude and phase of a reflected beam the impedance method [13] will be used
below. We found this method more convenient for analytical consideration than the equivalent and
more widely used matrix method [9].

dj

~

Gj+1

Gj

Gj

Z0
Zj
0

z

Fig. 1. A schematic of a multilayer coating
To consider the reflection of light at normal incidence on each boundary separating the layers
starting from the substrate/coating boundary (see Fig. 1) we introduce an effective impedance Z(z)
and an amplitude reflection coefficient Γ(z) as follows:
Z(z) =

E+ (z) + E− (z)
1 + Γ(z)
E(z)
=
= η(z)
,
H(z)
H+ (z) + H− (z)
1 − Γ(z)

E− (z)
Z(z) − η(z)
=
,
E+ (z)
Z(z) + η(z)
2
μ(z)μ0
μ(z)
=
Zv .
η(z) =
(z)0
n(z)

Γ(z) =

(2.1)
(2.2)

(2.3)

where E and H are tangential electric and magnetic fields in the standing wave, while E+ , H+ and
E− , H− are forward and backward (reflected) waves, n is the refraction index, μ and  the relative
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permeability and permittivity, and Zv is the vacuum impedance (Zv = 1 in the Gaussian CGS
system). We assume that in a small neighborhood of the boundary μ and  are piecewise-constant.
As tangential fields E and H are continuous in a medium without free currents, the effective
impedance is also continuous on all boundaries, while the reflection coefficient experiences jumps.
Meanwhile, the reflection coefficient changes continuously between boundaries according to the
following expression:
Γ(z − dj ) =

E− eik0 nj (z−dj )
E+ e−ik0 nj (z−dj )

= Γ(z)e−i2k0 nj dj ,

(2.4)

where k0 = 2π is the wave vector of the optical field in vacuum and λ is the wavelength. This
λ
allows us to calculate reflectivity of any multilayer coating recursively, layer by layer starting from
the substrate, where the impedance is equal to the impedance of the free substrate ηs , and moving to
; j = Γ(−
the surface, turning from the reflection coefficient Γ
j dj + 0) to the effective impedance
Zj = Z(− dj −0) = Z(− dj +0) when facing the boundary and back (to Γj+1 ) after crossing
it (see Fig. 1). It is possible also to exclude effective impedance from calculations:
Γj+1 =

;j
gj+1,j + Γ
,
;j
1 + gj+1,j Γ

; j = Γj e−iϕj comes from (2.4), ϕj = 2k0 nj dj and gij =
where Γ

(2.5)
ni − nj
. Note that the tilde sign
ni + nj

; can be read as “on the left side of the layer” (Fig. 1).
In the case of classical λ/4 layers, all impedances and reflection coefficients are real.

2.2. Interference
We now assume that each of the layers experiences a variation of thickness δdj and a variation of its
refraction index δnj , producing changes in optical thicknesses of layers and in boundary conditions
between layers. These variations may be included by changing −ϕj for −ϕj − 2k0 δnj dj −
− 2k0 nj δdj = −ϕj + Δj and assuming
; j = Γj e−iϕj (1 + iΔj ),
Γ

(2.6)

where the prime means modified reflectivity. We also have to substitute ηi for ηi (1 + δηi ) in
δnj
(2.1)-(2.2), which is a consequence of refraction index change δηj = − n . As before, moving
j
layer by layer to the surface, we expand each result into a series to the first order of variations δnj
and δdj . In this way we can build a perturbed amplitude reflection coefficient Γm :
Γm = Γm (1 + ε),



m−1
m
 
δnj
zk
δn
iΔj − ζj n
,
ε = zm n m +
m
j
z;k−1
j=1 k=j+1

(2.7)

(1 − Γ2k )
1 − Γ2k e−i2ϕk
, z;k =
, ζk = z;k − zk .
2Γk
2Γk e−iϕk

(2.8)

zk =
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Here m is the index of the layer of interest (m = N + e for the reflectivity of the whole mirror,
where N is the total number of layers, “e” represents the consideration of the top layer – vacuum
δnj
boundary). Taking into account that Δj , n  1, we can find an equivalent phase shift δϕ as well
j
as a variation of reflectivity δΓ (leading to amplitude noise which cannot be found in traditional
approach) collecting all imaginary and real parts noting the decomposition Γeε  Γ(1 + ε). Total
fluctuations may arise both from layer thickness fluctuations δdj (Brownian and thermoelastic
noises), or from deviations of refraction index δnj (photoelastic and thermo-refractive noises).
Using equations described above we can easily derive the inhomogenius
 noise (δn = δn(z))
of one layer applying limitation procedure: nj = n, dj = dz → 0,
ϕk = dz. Then, assuming
noise only inside the layer, obtain



√
δn(z) cos2 (k0 nz + iLn Γ1 )dz) ,
(2.9)
ΓN +1 = Γ1 e−2ik0 nL 1 − 4ik0
L

where Ln stands for complex logarithm, L is the layer length. This result absolutely coincides with
[4] result of sin2 -averaging as they had Γ1 = −1. In multilayer coating with inhomogeneous noise
equations (2.5) and (2.7) will not change their forms, while (2.8) will require a minor modification,
without bringing out any new effects. A minor modification of (2.9) (as it contain transition into
and out of layer) then serves as analogue of (2.4). However such non-homogeneous extension of
(2.7)-(2.8) is not essential for the Brownian branch as all spectral density estimations for it are based
on “thin coating approximation” giving out constant strain (and hence δnj ) in coating.

2.3. Photoelastic effect
A photoelastic effect in layers of the coating may produce additional noise correlated with Brownian
noise. Photoelasticity is a phenomenon of refraction index change under deformation:
ΔBi = pij uj ,

(2.10)

where Bi is the optical indicatrix, uj is strain tensor, pij is photoelastic tensor and indices i, j ∈ 1; 6
[19]. In the case of cylindrical symmetry we have a longitudinal effect ΔBi = pi3 u3 = pi3 δd/d
and transversal effect ΔBi = piρ uρρ . However, only the longitudinal effect may produce the noise
correlated to the Brownian longitudinal surface noise, providing a theoretical possibility of their
interference compensation. Variations of refraction indices due to longitudinal photoelasticity are
the following:
δnx = −

n30
p δd ,
2 13 d

δny = −

n30
p23 δd .
2
d

(2.11)

We neglect a nonzero δnz component, as we consider normal incidence. It is known that tantalum
oxide used in multilayer coatings T a2 O5 is a rutile-type crystal with tetragonal symmetry. Rutile
(titanium dioxide) has p13 = 0.171, p23 = 0.16. From [18] we can also make a rough estimate for
tantalum oxide pT a2 O5 < 0.18. For simplicity we put p13 = p23 = pT a2 O5 = 0.17. The other
component of the coating – fused silica has p13 = p23 = pSiO2 = 0.27.
Photoelasticity also produces a transversal effect coupled to uρρ which should be considered
separately as uρρ noise is not correlated with uzz ∝ δd noise and should be added incoherently.
This component, producing a small correction, will not be considered here.
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2.4. Brownian branch of noises
The photoelastic effect converts a fluctuation layer thickness into a correlated fluctuation of its
refraction index, producing additional phase and boundary variations:
Δj = −2k0 nj

1−

n2j
p
2 j

δdj = −2k0 nj ψj δdj ,

n2j pj δdj
n2j pj
δnj
Δj = γj Δj ,
=−
−n =
j
2 dj
ϕj (2 − n2j pj )

(2.12)

(2.13)

where pj is the effective photoelastic index for a j-layer. Thereby coating induced deviations of
reflected phase and reflection coefficient are easily obtained from (2.7)-(2.8):
δϕc =

N


αj δdj ,

(2.14)

βj δdj ,

(2.15)

j=1

δΓc =

N

j=1

where




 zk
(i + ζj γj ) ,
z;k−1
k


 zk
(i + ζj γj ) .
βj = − 2k0 nj ψj Re
z;k−1
k

αj = − 2k0 nj ψj Im

(2.16)

(2.17)

Let us consider one end mirror in the arm of an interferometer. Thermal displacement of the
mirror’s surface produces phase fluctuations in the interferometer output. It is more intuitive to
consider a case of contraction (Fig. 2) of all layers in the mirror. Then the length of additional gap
for the light to travel before entering the mirror is −δd (as δd < 0 for contracting), yielding the
phase shift
δϕg = −2k0

N


(−δdj ),

(2.18)

j=1

The total phase shift produced by the perturbed coating (relative to the unperturbed one) will be
δϕΣ = −2k0

N 


zN +e (−1)N −j z;j−1 ψj nj − 1 δdj ,

(2.19)

j=1

where we took into account that inside λ/4-reflector all quantities are real and αj =
= −2k0 nj ψj zN +e (−1)N −j z;j−1 .
It is also important to admit that in a “good mirror” approximation, when 1 − |Γ|  1 (in this
case ZN → 0 or ZN → ∞ depending on the topmost layer) the amplitude reflection coefficient
Zj
correction for λ/4-reflector produced by each layer βj = (−1)N −j zN +e γj z;j−1 η → 0.
j
The term before δdj can be regarded as a noise coefficient showing a contribution of each layer
into the total noise. This coefficient can have any sign, depending on the values of interferential
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d40
0

d40
d4B

d4I

Fig. 2. Phase shift of the optical wave reflecting from an unperturbed (upper figure) and perturbed
mirror. δϕ0 , δϕg and δϕc are the shift in the total phase, the shift due to the surface displacement
and the shift due to interference dephasing in the coating respectively (δdj < 0).

Fig. 3. Noise coefficient (keeping the sign) from each layer in a coating consisting of 42 (circles)
or 43 (squares) layers on silicon substrate.
contribution (“−” sign) or surface displacement (“+”), but only its absolute value is significant as
noise contributions from different layers are added incoherently.
Using the acquired formulas we can plot a diagram of the phase shift contribution of each
layer and values of noise spectral densities in the whole. In Fig. 3 such a distribution is plotted,
keeping the sign from (2.19). It can be seen that the interference part of noise plays a role in a few
outer layers (order of penetration depth) [11] while Brownian (surface displacement) noise forms
the major part. Several layers can even demonstrate nearly complete noise compensation.
The noise contribution of a layer is formally composed of three summands: the main Brownian
(surface displacement) contribution, the interferential part and the photoelastic effect:
δϕΣ =



2k0 δdj +

∂ϕ
∂ϕ ∂nj
δdj +
δdj ,
∂dj
∂nj ∂dj

(2.20)

where ϕ denotes the phase of total complex reflectivity of the mirror. Formulas (2.7)-(2.8) give
analytical expression of the derivatives. Their sign distribution may be illustrated as follows. If
the coating contracts, then the phase shift produced by each layer is positive due to the change of
its thickness as the Brownian (surface displacement) noise is not really a phase shift acquired by
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light inside the mirror, but outside it (Fig. 2). The contraction of each layer leads, at the same
time, to an increase of the refraction index (as in normal materials it grows with density), providing
a positive phase shift. Interference dephasing (phase shift due to reduction of the layer thickness
itself), on the other hand, may compensate the phase shift produced by both effects. It looks like
the photoelastic effect can play only a negative role; however, it can reduce too high interference
dephasing in particular cases.
Equation (2.20) is quite suitable for numerical calculations as the partial derivatives in it may
be calculated numerically. We used this approach for independent checking of formulas (2.7)-(2.8).

2.5. Noise spectral density
Using (2.19) one can estimate noise spectral densities if the noise spectral density of each layer
is known. In the model of independent thin layers on an infinite half space substrate, each layer
behaves just as if it was the only layer on the substrate. This model was heavily treated and the
solution is well known [11, 12].However, we should split the total surface fluctuations of one layer
into two parts for our purpose. The first one represents the fluctuations of the thickness of the
coating layer S c and the second one represents the fluctuations of the substrate surface induced by
losses in the coating S s . Interference and photoelastic effects influence only the first term. If the
losses in the layer responsible for both fluctuations (shear and expansion losses) are equal, then
these two spectral densities are uncorrelated. Otherwise cross correlation terms should be taken
into account. We assume the losses equal in this paper. Using the approach presented in [11]
this splitting may be easily obtained in the assumption that the noise produced by each layer is
independent δd2j  → S c (Ω)j , δdj δdk  = 0:
S(Ω)j = S c (Ω)j + S s (Ω)j = (ξjc + ξjs )φj dj = ξj φj dj ,
ξjc =

4kB T (1 + νj )(1 − 2νj )
,
Yj (1 − νj )
πw2 Ω

ξjs =

2
2
4kB T Yj (1 + νs ) (1 − 2νs )
2
2
2
πw Ω
Ys (1 − νj )

(2.21)

(2.22)

where νj is the Poisson coefficient of layer j, Yj – its Young’s modulus (Ys and νs are the
parameters of the substrate), φj is the mechanical loss angle, w is the Gaussian beam radius on
the mirror, Ω is the frequency of analysis, kB is Boltzmann’s constant and T is the temperature.
Thereby we obtain spectral densities of phase and amplitude reflection fluctuations
Sϕ =4k02

N

[(αj − 1)2 S c (Ω)j + S s (Ω)j ],

(2.23)

j=1

SΓ =4k02

N


βj2 S c (Ω)j .

(2.24)

j=1

The first sum can be simplified and the second is zero in assumption of a “good mirror” and λ/4
layers:
Sϕ =4k02

2


[S c (Ω)m

m=1

2
2am ψm
a2m ψm
− 2
+N
4
|n1 − n42 |
|n1 − n22 |

+ S s (Ω)m N ]
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for 2N layers, and Sϕ + 4k02 S1 for 2N + 1 layers, where am = n2m for zero outer impedance (2N
layers with n1 > n2 ) and am = n22 n21 for infinite outer impedance (2N + 1 layers).
From now on we turn phase noise into noise of effective reflecting surface displacement Sx =
Sϕ
, in units of m2 /Hz, at 100 Hz frequency to simplify the comparison of this type of noise
=
4k02
with other types of noises and Fabry-Perot coordinate sensitivity.
Calculations were made for a silica-tantala mirror of 42-43 layers (21 pairs of SiO2 T a2 O5
λ/4-layers on fused silica substrate with or without additional silica λ/4-layer) with he following
parameters:
νl = 0.17,

nl = 1.45,

νh = 0.23,

nh = 2.06,

Yl = 7.2 × 10 Pa,

φl = 0.4 × 10−4 ,

Yh = 14 × 1010 Pa,

φh = 2.3 × 10−4 ,

10

λ = 1.064 × 10

−6

m,

w = 0.06 m,

T = 290 K.

The results are shown in Table 1 as a correction to Brownian (displacement) noise χ =
√
√
SBr − S
× 100%. Numerical estimates for the relative power transmittance noise δτ /τ =
=
√
SBr
√
= 2Γ SΓ /(1 − |Γ|2 ) is less than 10−12 Hz−1/2 .
Table 1. Silica-tantala mirror efficiencies relative to the Brownian noise. The standard LIGO coating
consists of 41 Layers+λ/2 cap mirror. Modified cap has optical width λ/4 (42 layers case).

Type
Transmittance τ , ppm
√
Brownian 10−20 m/ Hz
χ with interference
χ with photoelasticity
χ modified cap

42 × λ/4
2.28

41 × λ/4 + λ/2
1.08

43 × λ/4
0.54

0.632
1.96%
2.33%
2.33%

0.635
2.34%
1.85%
2.76%

0.645
1.75%
1.31%
1.81%

The interference correction to thermal coating thickness noise is about 6%, or 7.5% when
taking photoelasticity into account. The thickness fluctuations of the tantala layer are much smaller
than its bending (ξhc = 0.36ξhs ). That is why the interference correction to the total coating Brownian
(displacement) noise is only about 2.0%, or 2.3% when taking photoelasticity into account.

3. Optimization strategies
3.1. Additional top layer-corrector
One may tweak the thickness of the topmost “correcting” layer in an attempt to minimize the noises
using interference effects. This method proved to be useful for thermoelastic and thermorefractive
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noises [10]. Using formulas (2.7)-(2.8) we can obtain
Sϕ =

2


[S c (Ω)m

m=1

2
2am ψm
a2m ψm
− 2
+N
4
|n1 − n42 |
|n1 − n22 |

+ S s (Ω)m N ] + Sc

:2
9 
z2N +c+e
(1 ± γc sin(φc ))nc ψc − ne S c (Ω)c
Sc = Re
z;2N +c
+ S s (Ω)c

(3.26)

z2N +c+e
and
for 2N layers, and Sϕ + 4k02 S1 for 2N + 1 layers, where am = n2m nc Re
z;2N +c
“+” for zero impedance of last but one layer (2N + c layers with n2 < n1 ) and am =


z2N +1+c+e
n22 n21
and “−” for infinite impedance of last but one layer (2N + 1 + c
= n
Re
c
z;2N +1+c
layers). The index “c” represents one cap layer corrector.
Results are quite unfavorable: for an even number of layers + cap the minimum of noise is
√
δ S
at nc < 1 while its suppression χ = √
× 100% is only 0.04%. For odd layers + cap
Sunmod
√
absolute value of noise doesn’t become lower than 6.198 × 10−20 m/ Hz, which means that the
suppression is less than 0.69% (for nc√= 3.6; dc = 0.42λ/4). Even after removing a pair of layers,
the noise is about 6.04 × 10−20 m/ Hz, which is more than in the case of an even number of
layers.
This means that standard coating with top silica λ/2 layer is reflectivity-optimized and “all
λ/4” coating (cap= λ/4) is noise-optimized (see Table 1).


3.2. Layer-corrector inside the mirror

Fig. 4. Noise coefficient distribution in a coating with 42 layers, keeping the sign. Silica substrate,
vacuum medium (squares – simple mirror; circles – a mirror with modified layer #26 (16 from top)
dm = 0.98λ/2).
The idea of inserting a resonant layer into the mirror is proposed in [15]. This case was studied
numerically (Fig. 4). The maximum suppression of 4.4% was shown by layer-corrector close to
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d = λ/2, which is the resonant cavity. But such modification increases power transmittance more
than two orders of magnitude. If we add eight bilayers to restore transmittance, suppression will be
more than eliminated (−14%).

3.3. Two-sided and double mirror.
A novel combined structure was proposed in [14]. This composite mirror has just a few layers on
the front side of a big silica substrate, and other layers at the the bottom (two-sided mirror or Khalili
etalon). The idea is that only top layers can imprint Brownian (displacement) noise on the phase of
reflected light, while bottom layers do not contribute as they do not directly reflect incoming beam
(just some residual power). In this case we should pay attention to interference effects, because
first layers and substrate are well penetrated by light. This also means that coating noise and
substrate noise in combined structures should be treated simultaneously as there is a possibility of
interferential compensation (Figs. 5,2.13).

Fig. 5. Noise distribution in two-sided mirror, keeping the sign. Silica substrate, vacuum medium.
Squares – λ/4 general coating; circles – corresponding etalon with λ/4 substrate; triangles – etalon,
optimized for interference.
The main difficulty with the Khalili etalon is its high sensitivity to the manufacturing precision
and fluctuations of its optical thickness produced by other sources. Namely the imprecision of
substrate optical length by 0.07λ/4, corresponding to the mirror’s temperature variation of 6 mK,
increases noise by 5%.
The same idea may be realized in another geometry (double mirror or Khalili cavity) with
combined end mirror consisting of two individually suspended mirrors separated by a controlled
gap. The first mirror has small number of layers and hence low noise, while the layers of the
second one provide the required reflectivity. The sensitivity to the gap length is two times higher,
though it may be controlled with actuators in real time yielding desired conditions. Our calculations
show encouraging suppression of noise in both schemes. The deficiency of both schemes, however,
is high power circulating in the mirror’s substrate, which leads to various thermal lensing and
detuning effects.
The absolute value of maximum effect is highly dependent on the ratio of thickness and bend
noise spectral densities, which is yet unknown. This far we can only say that noise suppression and
ξc
amplification effects decrease practically linearly with γs = s (Fig. 6).
ξs
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Fig. 6. Suppression as a function of excess substrate optical thickness (in units of λ/4) in addition
ξc
to integer number of halfwavelengthes for different noise ratios γs = s .
ξs

3.4. Modifying silica-tantala ratio
A promising way to reduce the thermal noise in the coating was proposed [3, 16], which suggests
decreasing the thickness of lossy high-index (tantalum-oxide) layers, presumably preserving the total
bilayer optical thickness to be λ/2 (nl dl + nh dh = λ/2). To keep the required reflectivity, more
bilayers should be used. It was found numerically that there is an optimum in the ratio of layers’
thickness and number of layers providing minimal noise at a given reflectivity.
It appears that noise suppression χ is highly dependent on the noise ratio in layers
χ∝

Sh /dh
ξh φh nl
=
= γ,
ξl φl nh
Sl /dl

(3.27)

For the LIGO parameters [1] γ = 4.56. In [16] coating was optimized for a chosen parameter
γ = 7. An model silica-tantala mirror of 27 ×λ/4 layers+λ/2 cap was numerically optimized.
Resulting coating had 16 silica-tantala bilayers with nl dl = 1.383λ/4, nh dh = 0.617λ/4, a thin
cap nl dl = 0.162λ/4 and the first layer nh dh = 0.556λ/4 on substrate (34 layers total). In the
experiment with this mirror design, noise suppression of χexp = (8.8 ± 2.0)% was observed. Our
calculations with all material parameters taken from [16] yield χth7 = 8.2%, and if γ = 9.23
estimated from the same experiment is used [17], one gets χth = 9.1%.

4. Optimal coating
It is well known that for a fixed number of bilayers, a multilayer coating with quarter wave length
layers (QWL) with ϕh = ϕl = π provides the largest reflectivity [9]. The LIGO interferometers,
however, require not only large reflectivity but also small noise added by the coating. The coating
usually consists of two different materials having noticeably different mechanical losses. This fact
stimulated mostly numerical attempts to construct more optimal coating which could have smaller
noise with the increased number of layers but decreased total thickness of the “bad” component,
while still preserving the desired reflectivity [3, 16]. Such coatings were found numerically and it
is a common assumption that ϕh + ϕl should be equal to 2π. It is possible, however, to construct
a nearly perfectly optimized coating analytically and we will show that the “common knowledge”
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is incorrect. In fact, previous numerical simulations clearly demonstrate that small correction is
required (See Fig. 6 in [16]).

Gout

Gin+1

4l

4h

G1

4h

Gin

44hl

Fig. 7. A bilayer inside a multilayer coating
We would like to find optimal thicknesses of the components of a bilayer for a given thickness ϕh . Suppose we have a bilayer inside a coating and the amplitude reflectivity on the boundary
to this bilayer from the side of the substrate is Γin = Γ0 eiϕ0 , where Γ0 is real amplitude and ϕ0 is
; 0 — initial reflectivity, Γ1 —
some initial phase. Let us introduce the following notations: Γin = Γ
; 2 — reflectivity, that will be
intermediate reflectivity, Γout = Γ2 — output reflectivity, Γin+1 = Γ
initial for the next pair (see Fig. 7). Using formulas (2.5) and (2.4) two times we can find Γin+1
as a function of (Γ0 , ϕ0 , ϕh , ϕl ).
We can now find the optimal phase ϕ0 maximizing |Γin+1 |. Note that |Γin+1 | = |Γout | and
does not depend on ϕl . After some math we find
2
1 − ghl
ϕh
cot
,
2
2
1 + ghl

(4.28)

π − ϕh
− g 2 sin(ϕh ).
2

(4.29)

tan ϕ0 =
ϕ0 ≈

In the last approximation we used the fact that ghl  0.17 is small. It is also important that
the reflectivity increases with a new pair of layers only if ϕ0 ∈ [− π ; π ] (this will be explained
2 2
later). To optimize the next layer, we should provide the same input phase ϕin for it, which can be
provided by ϕl as |Γin+1 | does not depend on it. Finally we obtain
2
ϕlj = ϕ0j+1 − ϕ0j − ϕhj − 2 sin(ϕhj )ghl
+ (πm),
j

(4.30)

where j stands for the bilayer number, m is integer number. For a series of identical bilayers that
means
ϕl + ϕh = πm − 2 sin(ϕh )g 2

(4.31)

It can be shown that in our case (ϕ0 ∈ [− π ; π ], ϕh ∈ [0; 2π]) m > 0 and even. As we need
2 2
to shorten the coating m = 2. From the last equation it is clear that only in the case of QWL
coating ϕH + ϕL = 2π. In other cases, however, there should be a small correction to maximize
the reflection. Note that for the first layer Γin = 0 with undefined phase, thus satisfying the
requirement on ϕ0 .
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To get analytical approach consider a bilayer somewhere in the middle of coating. Suppose
that incoming reflectivity is close to 1:
,
,
,; ,
|Γin | = ,Γ
(4.32)
2k , = 1 − 
Then, expanding formulas for |Γout | into series to the second order of  and using (4.29) we obtain
|Γout |2 = 1 − 2α − α(1 − 2α)2 ,

(4.33)

(1 − g 2 )2
α= * 
+2

g 2(1 − cos(ϕ1 )) ± 1 − 2g 2 cos(ϕ1 ) + g 4

(4.34)

where

Here we have “+” sign, when ϕ0 ∈ [−π/2; π/2]. It can be shown, that only in this case α ≤ 1,
which means an increasing reflectivity.
Assuming |2α|  1, |(1 − 2α)|  2 we can rewrite local reflectivity as |Γout | = 1 − α
and get total power transmittance in the following form:
τ = β(ϕh , ϕc )αN (ϕh )(ϕe )

(4.35)

where
β=2

1 − ge2
π + ϕh
1 + 2ge cos(ϕc +
+ g 2 sin(ϕh )) + ge2
2

(4.36)

ne − nl
). For this formula to work we need to satisfy the
ne + nl
assumptions we made. Calculations for g = 0.17 give α ∈ [0.55; 1]. (α(π) = 0.55) and   0.5.
This also requires ϕh ∈ [π/4; 7π/4]. It can be shown numerically that all those requirements can
be satisfied with just three initial layers on the substrate.
Now we can eliminate the total number of layers from equations to design an optimal mirror
for a given power transmittance τ0 . As calculations by (2.7) - (2.8) for the total noise are rather
complicated and provide small correction only, we consider the simplified formula (2.18). For the
normalized spectral density we obtain

describes the coating-air boundary (ge =

SBr
=Eγϕh + Eϕl − ϕ0 + ϕ0 +
A
ln τ0 − ln β − ln 
(γϕh + ϕl ) − ϕl + ϕc
ln α

(4.37)

ξ2 ϕl
m2 /Hz is the dimensional constant. Here ϕh ϕl denote the phase thicknesses
2k0 nl
of the initial (first E from substrate) bilayers; ϕ0 , ϕ0 are the initial phases for initial and regular
bilayers; ϕh , ϕl are regular layer thicknesses and ϕc is the cap layer thickness.
The results obtained are very close to numerical optimization in [16] (see table 2).
We found explicit formulas for the spectral density of phase noise produced by Brownian fluctuations in arbitrary multilayer coatings taking into account interference effects and photoelasticity.
These effects play a role only in few top layers and give out correction of the order of 2%. Some
optimization methods taking into account inerference were considered. The modifying silica-tantala
ratio method was found to be the most efficient so far. Another promising approach is compound
mirrors.
where A =
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Table 2. Optimization results (γ = 7)

Type
Power transmittance τ0 , ppm
χ, Brownian (displacement)
χ, with interference
χ, with photoelasticity
Real suppression

25 + λ/2
277.5
0
3.37%
2.63%
0

[16]
277.7
8.16%
11.03%
10.29%
7.93%

Our Method
277.7
8.4%
11.27%
10.5%
8.18%
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Photonic Communications and Information
Encoding in Biological Systems
The structure of optical radiation emitted by the samples of loach fish eggs is studied. It was found
earlier that such radiation perform the communications between distant samples, which result in the
synchronization of their development. The photon radiation in form of short quasi-periodic bursts was
observed for fish and frog eggs, hence the communication mechanism can be similar to the exchange of
binary encoded data in the computer nets via the noisy channels. The data analysis of fish egg radiation
demonstrates that in this case the information encoding is similar to the digit to time analogue algorithm.

Keywords: photonic communications; communication mechanism; biological systems. PACS
number(s): 73.21.La, 03.67.Hk

1. Introduction
Currently, the term ”biophotons” is attributed to the optical and UV photons emitted by the living
bio-systems in the processes which are different from standard chemi-luminescence. Their systematic measurements by the low-noise electronic photo-detectors was started about 1978 [1, 2]; the
biophoton production (BP) in optical and close UV range was established now for large amount
of bio-systems [3, 4]. It was found that its rate and other parameters are quite sensitive to the
characteristics of bio-system and its development. Because of it, the biophoton measurements are
applied now in many different fields from medical diagnostics to agriculture and ecology [2].
The energy spectrum of biophotons is nearly constant within optical and soft UV range practically for all studied bio-systems, so it essentially differs from the spectra expected for the system
with the temperature about 3000 K, which in this range should fall on 15 orders of magnitude [2,3].
The detailed BP mechanism is still unknown, but such excitations can be stipulated by the biochemical reactions, in which oxygen atoms are bound to the proteins and acids [2, 3]. The typical
bio-photon rates are quite low, however, the multiple experiments evidence that such radiation can
perform the effective signaling between distant bio-systems. In particular, being radiated by the
growing organism or plant and absorbed by the similar one at the distance about several cm, it
can rise the rate of cell division (mitosis) in it up to 30% relative to the standard values. This
phenomenon called mitogenetic effect (ME) is extensively studied in the last years [2, 3]. Note that
the artificial constant illumination by the visible light, even 104 times more intense, can’t induce the
comparable gain. The communications of some other types were reported also; for the bio-systems
in the state of abrupt stress or slow destruction (apoptosis) such radiation can change the state of
other bio-systems in the similar depressive way [2, 5].
∗ E-mail:

mayburov@sci.lebedev.ru
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Until now, ME and other biophoton properties can’t be described within the standard framework of cellular biology. In our previous paper the model of information exchange between the
bio-systems by means of optical radiation was proposed [6]. We’ve assumed that the main features
of such communications can be similar to the information exchange between the distant computers
by the binary encoded messages. This hypothesis is prompted by the experiments which show that
the radiation of some species consists of narrow quasi-periodic bursts (fig. 1), so its time structure is
similar to the sequence of electronic or photonic pulses which transfer information in the computer
communication channels [1, 4]. To check our model in more detail we performed the data analysis
for the radiation from loach fish eggs measured by the photomultipliers [1, 3]. Here some our
results on the radiation structure are described, in particular, the possible algorithm of photon signal
encoding in the fish egg communications is obtained.

2. Model of Bio-System Communications
Before considering the photon exchange between the distant bio-systems, it’s worth to discuss how
such communications can be released inside the same dense bio-system. The optical and UV
excitations in the dense media exist as the quasi-particles called excitons which can spread freely
through the whole media volume [7]. They are strongly coupled with electromagnetic field, so
they can be effectively produced during the photon absorption by the media, the inverse process
results in the photons emission from the system volume. It’s established experimentally now that
the excitons play the important role in the energy transfer inside the bio-systems, in particular,
during the photosynthesis in plants and bacteria [8, 9]. Photon production related to the nonlinear
excitons in protein molecules was studied in [10]. In our model the excitations of biological media
as the whole play the main role in biophotons generation and absorption by the bio-system. We
don’t considered any model dynamics, however, for such distances it’s inevitably should have the
solitonic properties [7]. Hence our model supposes that the excitons spread freely over all the
volume of bio-system. In that case the exciton exchange can constitute the effective system of
signaling and regulation of the bio-system development. The experiments evidence that such longdistance signaling regulates effectively the plant growth, preventing from the large fluctuations of
its global form, i.e. defines their morphogenesis [2, 3].
As was noticed above, BP rate is quite low, about 10 photons/cm2 sec from the surface of
large, dense bio-system. If the corresponding field isn’t coherent, then it described as the stochastic
ensemble of photons. Then at its best the absorption of single photon or narrow bunch of photons
can be detected by the bio-system as the single independent ’click’ or one bit of information,
analogously to standard photodetector devices. This is the photocounting regime of electromagentic
field detection well-known in quantum optics [11]. We suppose that the same approach is applicable
also for the excitons produced and absorbed in the same bio-system. Under these assumptions,
the exciton signaling between two parts of the same bio-system and photon signalling between two
distant bio-systems can be quite similar.
It can be expected that the signals which control the cell mitosis and other functions can be
similar to the standard discrete (binary) encoded messages transferred between two computers via the
noisy communication channels [6]. The origin of such similarity can be understood from the simple
reasoning without exploit of information theory machinery. Plainly, for the low exciton or photon
radiation rates, typical for bio-systems, the most important problem for the effective signal transfer
is to suppress the background. Even for the bio-systems in complete darkness it induced by many
sources, like the natural radioactivity, luminescent chemical impurities, etc.. Consequently, as the
main criteria characterizing the efficiency of information exchange, the signal to noise ratio KO can
be used, i.e. the ratio of registrated ’clicks’ induced by the bio-system signals and the background.
It’s natural to suppose that the evolution of living species made the information exchange by
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Fig. 1. Example of biophoton time spectra for development stage 16, full time scale 400 sec
means of photon radiation/absorption practically optimal. The average rate of background radiation
normally should be constant in time, so for given bio-system with the limited radiation intensity the
optimal method to achieve high KO level is to make the main bulk of the bio-system radiation to
be concentrated inside the short time intervals, i.e. the bio-system radiation should be in the form
of bursts which would encode the signals transferred to other bio-systems. The experiments with
fish eggs, fibroblast cells and other bio-systems demonstrated that the biophotons are radiated by
the short-time (less than 1 msec) quasi-periodic bursts [1, 4]; the typical time spectrum for fish eggs
radiation is shown on fig. 1.
The influence of biophoton exchange on the organism development was found for
many species, in particular their detailed study was performed for the eggs of loach fish (
M isgurnusf ossilis). Note that for the egg colony produced by the fish during its breeding
the maximal rate of larvae survival is achieved, if all eggs would develop with the same speed.
However, the small variations of temperature and water flow over colony volume and other external
factors tend to violate this condition. It seems that the biophoton signaling between distant eggs
of the same colony restore their simultaneous development. The results for the optical contacts
during 30-50 min between two samples of fish eggs A,B of slightly different age demonstrate the
significant synchronization of their development ( [1] and refs. therein). However, it was found also
that the optical contacts between the fish eggs of significantly different ages result in the serious
violations of development in both samples, for fish eggs at early stages the development can simply
stop. Those results evidence that the photon signals emitted by fish eggs of different age can have
the essentially different structure, which encode the information about their age and corresponding
development program.

3. Analysis of Experimental Data
The possible signal structure was exploited for the experimental data on the optical radiation of
loach fish eggs. The studied sample is the colony about 200 eggs, which is confined in the quartz
Q UANTUM C OMPUTERS

AND

C OMPUTING , V. 11, 2011

75

S.M AYBUROV
container filled with water, their optical and soft UV radiation from the container surface was
registrated by the photo-multiplier. Its intensity was summed over the nonoverlapping consequent
time intervals (bins) with the duration Δ = .1 sec; the experimental run normally consists of 6 ∗ 103
such bins [1]. The measurements were performed for the different development stages, from the
earliest ones (cleavage) to the latest 33-35 stages, preceding the free larvae appearance; the average
stage duration is about 1.5 hour. The background radiation was measured for the empty container .
Since the background is supposedly stochastic and there is no time correlations between its
intensity at different time moments, then the burst periodicity or some other time correlations
between them would help to discriminate the background more effectively. Simultaneously, the
variations of such correlations can also encode the different signals send by the bio-system. It was
supposed that such encoding is performed by the methods and algorithms similar to the standard
ones used for noisy communication channels [6]. In this framework, as the model example it can be
supposed that the separate message send by the bio-system consists of N bursts of the same height
Ir with time interval Tr between them, such messages are divided by the periods of ’silence’ Ts
when the detectable radiation is similar to the stochastic background, i.e. each message constitutes
the burst cluster and such messages divided by Ts intervals are repeated many times [6]. Plainly,
for the realistic bio-systems those parameters would have some stochastic spread σI , σT , ... around
the average values.

Fig. 2. Example of ’message’ send by fish eggs at the development stage 32, full time scale 400
sec
First, we studied the discrimination of fish eggs radiation against the background, for which
the burst distribution should be random with the arbitrary expectation values of burst amplitude I¯
and time interval T̄ between the neighbor bursts. The fish eggs radiation is expected to have more
periodical structure, for example, if the burst radiation of fish eggs is strictly periodical, i.e. it can
be approximated as:
A(t) = Ir δ(t − nT )
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for arbitrary integer n, then its fourier time spectra is equal to:
∞
aν =

A(τ ) cos ντ dτ = Ir δ(ν − πl )
T

(3.1)

0

for integer l and 0 < l  ∞. Thus, the burst periodicity is reflected in fourier spectra as the
¯ i.e. is constant
sequence of periodical peaks, whereas for background one can expect āν = I,
function with some fluctuations around its average value. Hence Fourier analysis of time spectra
can be exploited to discriminate the periodic radiation from the background; STATISTICA-7.0
program packet was used for the data processing.
The preliminary analysis of radiation data has shown that in terms of our model example the
typical duration of biophoton ”message” is about 102 sec and N̄ = 8.5, i. e. T̄ is about 12 sec,
whereas Ts is about 4 ∗ 102 sec. From those estimates it follows that the density of fourier time
spectra f (ν) should be calculated for each consequent set of 1200 bins in given run separately,
i.e. 5 spectra for each run. In this template the density f (ν) = a2ν + b2ν where bν is the value of
corresponding fourier integral (3.1) for sin ντ . Then for each spectra f its autocorrelation:
M

f (i)f (i + l)
gl =

0

(3.2)

M

2

f (i)
0

was calculated for integer i, l, taking into account the finite length of run and its discreteness
M = πΔ−1 . The sum R of gl modules over such set is used as the selection criteria:
R=

M


|gl |

0

It was found that for arbitrary R threshold which selects about 80% of fish eggs runs, only 16 ± 4%
backgorund runs are selected for 12 − 16 stages (10 ÷ 15 hours after fertilization) and 23 ± 6%
for 30 ÷ 34 stages. It evidences that the fish eggs radiation has more periodical structure than
the stochastic background, the possible candidate for such periodical signal (message) is shown
on fig. 2. After such selection it was found that the individual messages have the length about
.6 ÷ 1.5 ∗ 102 sec and they are interspersed by the periods of silence about 3 ÷ 6 ∗ 102 sec. Each
message consists of 6 − 14 distinct high bursts, despite significant fluctuations, their amplitudes I
demonstrate gaussian-like dependence on the time distance from the message centre (see fig. 2). In
each individual message the time intervals T between the neighbor bursts with I higher than some
threshold I0 are nearly the same with some dispersion or differ by the whole number, i.e. are equal
to 2T, 3T , etc.. Yet T average value can differ from one message to another significantly, about
factor 1.6.
Concerning the dependence of signal form on development stage, our analysis indicates that
the most pronounced change suffers T̄ value. To demonstrate it, the inclusive (i. e. over all run) T
distributions for the bursts with I higher than I0 = 15 units (see fig. 1) were obtained for several
development stages. To enlarge statistics, we summed in the same plot the data for 8 − 11, 12 − 16
(fig. 3) and 30 − 34 stages (fig. 4). Under these conditions the total exposition time for each plot
was 130 min.. For each distribution the systematic errors are negligible, the statistical errors for
1
2
, where Nevents is the abcyssa value in this point.
each experimental point are equal to Nevents
The obtained T̄ expectation values are equal to T̄ = 11.2 ± .3, T̄ = 9.2 ± .3 and 7.1 ± .2, sec
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for 8 ÷ 11, 12 ÷ 16 and 30 ÷ 34 stages correspondingly. Meanwhile, the average number of bursts
is nearly the same for all three cases, whereas the average burst amplitude I¯ for 30 − 34 stages is
about 15 − 20% larger than for 8 − 11 stages, yet the overlap of their I distributions is essentially
larger than for T distributions.
The essential feature of all three plots is the presence of several large peaks, which are
effectively higher than the possible statistical error limits. Their parameters need further analysis,
but it’s worth to notice that for 8 − 11 and 12 − 16 stages two most prominent peaks seems to be
generically connected, shifting from 5 to 6 sec and from 10.3 to 10.8 sec. Note also that T maxima
positions of three largest peaks for 8 − 11 stages are related approximately as 1 : 2 : 4.
The obtained distinctions explain, probably, how the radiation from fish eggs of different
age can influence the ”detector” samples in a different way. Despite that the difference of signal
parameters is only statistical, the multiple repetition of such messages can be eventually percepted by
the ”detector” fish eggs as the different instructions which would be fulfilled during their subsequent
development. It seems that the most important for their encoding is T difference, because the burst
amplitude produce mainly the threshold effect, i.e. only the condition like I > I0 is accounted for
some arbitrary I0 which is proper for given bio-system. If those conclusions will be confirmed by
further experiments, it would mean that the main encoding algorithm for fish eggs radiation has the
analogue realization, despite the produced signal is constituted by the sequence of discrete bursts.
Such information encoding is similar to the digital-time analogue (DTA) algorithm used in some
electronic systems. Note that the similar encoding of electric pulses supposedly is exploited in the
brain neuron chains [8].

Fig. 3. T distribution for fish eggs radiation; solid line: 8 ÷ 11 stages; broken line 12 ÷ 16 stages
Our model assumes that the bio-system’s field is noncoherent, yet it’s worth to consider also
the possibility that this e-m field of bio-system can possess the spacious short-time coherence within
the observed photon bursts, similarly to the coherence of laser pulse. Some experiments evidence
that such biophoton coherence really takes place [12]; in this experimental set-up the transparent
quartz plate was installed between the inductor and detector bio-systems. In the first run the plate
parallel surfaces were smooth and polished, so that it doesn’t perturb the phase relations between
the different pieces of wave front of incoming photons. In another run, the plate has the random
deflections from the surface parallelism, which violated such phase relations, and so resuly in the
violation of the impact wave coherence. It was found that in comparison with the control sample of
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Fig. 4. T distribution for fish eggs radiation; solid line: 30 ÷ 34 stages; broken line — background
isolated bio-system, the radiation passed through the random surface results in the gain of mitosis
rate of 20%, yet for smooth surface it reach the rate of 45%. In our framework, it’s reasonable
to suppose that the field with such ”transversal” coherence more effectively produce the collective
excitations in the cells cluster, than noncoherent field. If this hypothesis is correct, then such
coherence effects will not change the principal scheme of communications proposed here, rather, it
would enlarge its efficiency.
For the conclusion the obtained results can help to reveal the mechanism of communications
between the distant samples of fish eggs and permit to describe the universal features of biophoton
signaling between the separate bio-systems. The similar mechanism can, on the all appearances,
describe the exciton signaling inside the dense bio-system. The cell signaling and regulation features
are well studied for the extracellular biochemical reactions [8]. Concerning the chemical signaling
in the tissues, its efficiency and precision is principally restricted by the molecular diffusion effects
inside the bio-system media and so can transfer the signals only for small distances. Note also
that the exciton signaling inside organism can be much faster, than the chemical one by means of
molecular messangers. Hence it can be efficient in case of stress or the abrupt change of external
conditions. Experimental results show that under the different stress conditions the photon rates from
bio-system can rise in short time significantly, probably, as the consequence of intensive internal
signaling [2, 3].
Author is thankful L.V. Beloussoff and I.V. Volodiaev for providing the experimental data files
and the extensive consultations on the related topics.
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Computation of the molecules’ ground states and
binding energies by Monte Carlo method
The structure of optical radiation emitted by the samples of loach fish eggs is studied. It was found
earlier that such radiation perform the communications between distant samples, which result in the
synchronization of their development. The photon radiation in form of short quasi-periodic bursts was
observed for fish and frog eggs, hence the communication mechanism can be similar to the exchange of
binary encoded data in the computer nets via the noisy channels. The data analysis of fish egg radiation
demonstrates that in this case the information encoding is similar to the digit to time analogue algorithm.

Keywords: ground states; Monte Carlo method.
PACS number(s): 73.21.La

1. Introduction
The problem of finding molecular ground states and binding energies is a start of simulation of
quantum dynamics. Monte Carlo method was chosen to perform this task.
In the quantum version of static diffusion Monte Carlo method particle is represented as a
swarm of copies and after the process converges density of the swarm is equal to the modulus of
the wave function of the ground state. This equation shows the limitations of the method, since it
can’t be used as a probabilistic model of quantum dynamics, where density of the swarm should
be equal to the square-wave function. The underlying reason of this discrepancy is static nature of
Monte Carlo method, i.e. it’s not intended to simulate dynamics. Dynamics requires description of
the excited states, not just the ground one. Nevertheless, Monte Carlo method can be regarded as a
good beginning for the construction of real dynamic model.

2. Problem statement
We consider stationary Schredinger equation:
2
− h̄ ψ + U ψ = W ψ
2m

It’s required to find the ground state of one or two atoms with one or two valence electrons. I.e.
we need to find the function ψ0 corresponded to the lowest energy eigenvalue W0 < W1 ≤ ... ≤
Wn−1 ≤ Wn . To resolve the task we need to know atom numbers and the distance between the
nuclei in case of two atoms. Total energy of the system in the resulting state has to be close to
the obtained experimentally value. Also we have to find the binding energy for two atoms, which
corresponds to a well depth of the binding potential. Found values have to be compared with the
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known values. Then it will be possible to make a conclusion about accuracy of the method and its
future applicability.

3. Monte Carlo method
3.1. Description
The particle is represented as a swarm of copies, for which next principle of evolution is used:
1.Let the each instance jumps x along any of the coordinate axes in positive or negative
direction with the same small probability p. It remains in place with probability 1 − 6p in 3dimensional case.
2.Let the instance be in potential U . Then next rule of creation / destruction of instances is
used. If U < 0, then this instance creates the new one, located at the same point, if U > 0, then
this instance destroys other one, located at a distance less than x.
This process converges to the modulus of the wave function of the ground state.
We consider Schredinger equation:
ih̄

2
∂ψ
= − h̄ ψ + U ψ
2m
∂t

Making the substitution t = −iτ , where τ = it is imaginary time, we obtain:
−h̄

2
∂ψ
= − h̄ ψ + U ψ
2m
∂τ

Rewrite it as:
∂ψ
= h̄ ψ − U ψ
2m
∂τ
h̄

(3.1)

Consider one-dimensional case:
ψ =

ψ(x + x) + ψ(x − x) − 2ψ(x)
x2

If U = 0 and τ is real time, then equation (3.1) describes the change of the swarm’s density
in the static diffusion process (using the rule of jumps) up to a constant. In this case ψ is density
of the swarm.
If U = 0, addition − U ψ corresponds exactly to the previously introduced rule of creation /
h̄
destruction.
Consequently, equation (3.1) describes static diffusion process up to a constant, i.e. ψ = Cρ.
Further, we have the decomposition of the wave function:
ψ(t, x) =

∞


−

i
W t
h̄ n

−

1
W τ
h̄ n

Cn · e

· ψn (x),

n=0

where Wn is energy eigenvalue.
Making the change t = −iτ , we get:
ψ(t, x) =

∞


Cn · e

· ψn (x)

n=0
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Decomposing exponent and noting that W0 < W1 ≤ ... ≤ Wn−1 ≤ Wn , we have:
ψ(t, x) = C0 ψ0 (x) +

∞


−

Cn · e

1
W τ
h̄ n

· ψn (x) −→ C0 ψ0 (x),

n=1

if τ → ∞.
Thus, indeed, the process should stabilize at a distribution proportional to the modulus of the
ground state. Note that for this to execute C0 is required to be large enough so that the initial
distribution of the swarm is close to the one that should be in the ground state of the system. To
make it, at the initial Hartree-Fock method is often used to the system, and the resulting state is
taken as the initial for Monte Carlo method.
As can be seen instances don’t have speed in Monte Carlo method, they have only the
coordinates. It means Monte Carlo method is static and it’s not intended to simulate dynamics.
Method can be directly generalized to the case of n(two or more) particles. In this case
instance would be a tuple of n copies, one for each particle.

3.2. The case of two particles
The general function describing the state of a system of two electrons in the nuclear field, defined
as the product of the coordinate functions Ψ and the spin functions Φ. This general function must
be antisymmetric following the Pauli principle. Such antisymmetric expressions for the general
function are the following four:
ΨS Φa = √1 (ψik + ψki )[ϕ+ (1)ϕ− (2) − ϕ+ (2)ϕ− (1)],
2

(3.2)

Ψa ΦS1 = √1 (ψik − ψki )ϕ+ (1)ϕ+ (2),
2
1
Ψa ΦS2 = √ (ψik − ψki )[ϕ+ (1)ϕ− (2) + ϕ+ (2)ϕ− (1)], (2)
2
Ψa ΦS3 = √1 (ψik − ψki )ϕ− (1)ϕ− (2).
2
The first of these four functions (3.2) corresponds to the sum of the spin quantum numbers
mS1 + mS2 = 0, the other three to the values: mS1 + mS2 = +1, 0, −1. Since each of the
quantum numbers mSi determine projection of the spin moment pSi to the preferred direction,
then, consequently, the sum of the quantum numbers mS1 + mS2 determine projection of the result
spin moment PS on the same direction. This projection takes the four values corresponding to the
four values of specified sum mS1 + mS2 . It means the quantum number S, that determines the
result spin moment PS , takes two values: S = 0 and S = 1. We have singlet terms of atoms and
ions with two valence electrons and zero projection of the result spin moment Ps corresponding to
the value S = 0, the triplet terms and three possible values of the projections PS corresponding
to the value S = 1. To get the singlet state of the system described by the first equation of (3.2),
where the coordinate function ΨS is simmetric, at each step of the diffusion process we need to
ensure the condition:
ρ(r1 , r2 ) = ρ(r2 , r1 ).
To obtain the triplet state of the system described by the other three equations of (3.2), where
the coordinate function Ψa is antisimmetric, at each step of the method we need to realize the
requirements:
ρ(r1 , r2 ) = ρ(r2 , r1 ),
ρ(r1 , r1 ) = 0.
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4. Algorithms
4.1. Algorithm of finding the ground state
1.We create object model with given parameters, this action includes definition of the nuclei’s
position and initial uniform distribution of electron instances in the space.
2. In the loop step of Monte Carlo method is performed, where the following actions are done
over each instance:
1) Calculation of the potential acting on the instance. The potential U consists of the Coulomb
interaction potential between the particles of one tuple and potential between the nuclei and the
particles of one tuple.
2) Analysis of the directions’ number, where the jumps could be done.
3) Making jumps in the neighbour cells with a small probability p , if we consider two
electrons, then the symmetric instances perform the same jumps.
4) An instance remains at the same place with probability 1 − dim · p, where dim is the
number of directions along which jumps were done.
5) Birth / destruction of instances in the current cell with probability Cv · U , where Cv =
dρj
, dρj is the density’s change of the tuple in consequence of jump, dρV is the density’s
=
dρV
change of the tuple in consequence of potential effect.
6) Destruction of instances with zero density.
7) If we consider two electrons, the density of symmetrical copies are made equal.
8) If we consider the triplet state, then the instances, in which both electrons are in the same
cell of the configuration space, are removed.
3. Check for convergence: if the density of all instances at this step differs from the density
at the previous lower than a number ε, then the process is finished and we exit the previous cycle.
4. In any case we control the constancy of particles’ number by changing zero of potential
energy.
5. If the process is converged, the density is normalized so that the sum of its square across
the configuration space equal to unity.
6. If the process is converged, we calculate the total energy as the sum of interaction energies
of nuclei and electrons, electrons with each other and nuclei themselves:
E=−

 ρj1j2 2
  ρ2 i Zn
Z1 Z2
+
+
,
r(i,
i
)
r(j
,
j
)
r(i
n
1 2
1 , i2 )
n
i
j1,j2

where ρi is the density at the i-th point, Zn is the charge of the n-th nucleus, r(i, j) is the
distance between the i-th and j-th points, in is a cell that contains the n-th nucleus, ρj1j2 is the
density of the tuple at the point(j1 , j2 ) and e = 1. The last term is absent if we consider a single
nucleus.

4.2. Algorithm of finding the binding energy of two atoms
1. We carry out a number of experiments described in previous algorithm, where we increase the
distance between the nuclei.
2. Compute the difference between the minimum energy and the energy, calculated for the
maximum distance between the nuclei.
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5. Results
The table shows the values of the obtained energy taking into account electron-electron interaction
(E0 ) , without it (E1 ) and experimentally obtained values E in Hartree units, values of calculation
error are in parentheses:

Fig. 1
Energy value of the helium atom in the triplet state is greater than in case of the singlet state, it
coordinates with the theory. Since energetically most profound state of the helium atom corresponds
to symmetric (singlet) solution of the Schredinger equation.
Resulting potential of the hydrogen molecule in the triplet state is not binding.
The figure shows the characteristic shape of the total energy’s dependence on the distance
between two Coulomb centers (nuclei) for one and two electrons:

6. Conclusion
Thus, the algorithms for building the ground states and calculating the binding energies of molecules
with one or two valence electrons are constructed. Monte Carlo method was chosen as a base.
These data of the total energies and binding energies for some of the particles are verified
with experimental results. Based on this comparison, we can say that the built implementation has
a good accuracy and can be used to find the binding energies.
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The mechanism of tunneling and formation of
bound pairs of electrons
The classical description of elementary spinning particles shows that the center of mass and center
of charge of an elementary particle are different points. This separation is half Compton’s wave length
and because of this the interaction of two electrons with their spins parallel can produce a bound pair
provided the internal phase is opposite and the relative velocity of their centers of mass is below a certain
limit. It is also this separation which justifies that an electron under a potential barrier can cross it with
an energy below the top of the potential provided the spin is properly oriented and the barrier has a
narrow range. This can justify the spin polarized tunneling effect.
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1. Two centers
Let us think that the following classical analysis was performed before 1920, i.e., before the
emergence of quantum mechanics. The assumption is that the center of mass i q and the center of
charge i r, of a charged elementary spinning particle are two different points. If this is the case we
can define the angular momentum of the particle with respect to both points. Let us call i S the
angular momentum w.r.t. the center of charge (CC for short) and i S CM the corresponding angular
momentum w.r.t. the center of mass (CM for short). They are not independent, because if i p is the
linear momentum of the particle, then i S CM = (i r − i q) × i p + i S. But both spins satisfy two
different dynamical equations in the free case and under some external electromagnetic interaction.
For any arbitrary inertial observer, the total angular momentum of the particle w.r.t. the origin
of observer’s frame can be written either as
i J = i r × i p + i S,

or

i J = i q × i p + i S CM .

If the particle is free, i J is conserved and thus
di J = 0 = di r × i p + di S ,
dt
dt
dt

or

di J = 0 = di q × i p + di S CM ,
dt
dt
dt

so that
di S = i p × i u, or di S CM = 0,
dt
dt
because the conserved i p is along the CM velocity i v = di q/dt, but not along the CC velocity
i u = di r/dt. The CM spin is a conserved observable for a free particle while the CC spin is not.
It is moving in an orthogonal direction to the linear momentum, and only its projection on i p, the
helicity i S · i p, is conserved.
∗ martin.rivas@ehu.es
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Let us assume now that the particle is under some external electromagnetic force i F defined
at the CC position. In this case, i J and i p are no longer conserved and thus di J/dt = i r × i F
and di p/dt = i F .
di J = i r × i F = di r × i p + i r × di p + di S ,
dt
dt
dt
dt
or

di J = i r × i F = di q × i p + i q × di p + di S CM ,
dt
dt
dt
dt
di S = i p × i u,
dt

or

di S CM
= (i r − i q) × i F .
dt

The CC spin satisfies the same dynamical equation as in the free case, it moves in an orthogonal
direction to the linear momentum, although now i p is not conserved. The CM spin satisfies the
usual torque equation: the torque of the external force w.r.t. the CM is the time variation of this
spin.
Both spins can be found in the literature. The Bargmann-Michel-Telegdi spin [1] is the
covariant generalization of the CM spin. The CC spin satisfies the same dynamical equation as
Dirac’s spin operator in the quantum case.

2. Classical model of a Dirac particle
If an elementary spinning particle has two separate centers, the free motion implies that the CM is
moving at a constant velocity i v. But, what about the CC motion? If the motion is free it means
that we are not able to distinguish, at two different instants, a different dynamical behaviour. But if
the trajectory of the CC is a regular curve (i.e. a continuous and differentiable trajectory) it means
that the velocity of the CC has to be of a constant modulus, the same at any time, and the trajectory
of a constant curvature and torsion. The CC travels along a helix at a constant velocity, and this
description must be valid for any inertial observer.
This implies that the CC velocity has to be unreachable for any inertial observer. Otherwise,
if some inertial observer is at rest w.r.t. the CC at a certain instant t, because the CC motion is
accelerated, it will have for that observer, a velocity different from zero at a subsequent time, and
thus contradictory with the assumption that the velocity is of constant absolute value for any inertial
observer. The only possibility is that the CC velocity is the speed of light and only a relativistic
treatment is allowed.
This is precisely the main feature of a classical model of an elementary particle, which satisfies
Dirac’s equation when quantized, we have developped [2]. The free motion of this model is depicted
in Figure 1, where we see the straight motion of the CM and the helical motion at the speed of
light of the CC. We also depict the two above mentioned spins, i S and i S CM . The total spin i S
has two parts i S = i Z + i W , one i W related tom the rotation of the particle and in the direction
of the angular velocity while the zitterbewegug part i W is due to the separation between CC and
CM and has the opposite direction, as depicted in figure 2.

3. Dirac’s analysis of the electron
In his original 1928 papers [3, 4] Dirac describes an electron in terms of a four-component spinor
ψ(t, i r), defined at point i r, and a Hamiltonian
H = c(i p − ei A(t, i r)) · α + βmc2 + eφ(t, i r)
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Fig. 1. Model of a free classical Dirac
particle, with two separate centers, showing the precession of the CC spin i S and
the conserved CM spin i S CM . The CC
moves along a helix at the speed of light.
The CC spin is always orthogonal to the
velocity and acceleration of the charge and
precesses around i p. The separation between CC and CM is h̄/2mc, half Compton’s wavelength, and the frequency of
this internal motion, in the CM frame, is
2mc2 /h. It is described in [2].

Fig. 2. The classical description of
a spinning Dirac particle in the CM
frame. The CC i r moves at the speed
of light. The spin has two parts, one
i W related to the rotation of the particle and another in the opposite direction i Z related to the zitterbewegung
part of the motion of the CC around
the CM.
where β and α are Dirac’s matrices and φ and i A the scalar and vector external potentials, also
defined at the point i r.
When computing the velocity of point i r, Dirac arrives at: i u = i/h̄[H, i r] = cα, which is
expressed in terms of α matrices and writes, ‘. . . a measurement of a component of the velocity of
a free electron is certain to lead to the result ±c. This conclusion is easily seen to hold also when
there is a field present’, because it holds even if the external potentials are not vanishing.
The point i r oscillates in a region of order of Compton’s wavelength: ‘The oscillatory part of
x1 is small, . . . , which is of order of magnitude h̄/mc, . . .’. This is the amplitude of the motion
of the CC around the CM in our model.
The linear momentum does not have the direction of the velocity i u, but must be related to
some average value of it: . . . ‘the x1 component of the velocity, cα1 , consists of two parts, a
constant part c2 p1 H −1 , connected with the momentum by the classical relativistic formula, and an
oscillatory part, whose frequency is at least 2mc2 /h, . . .’, the same as in the above classical model.
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M ART ÍN R IVAS
The total angular momentum w.r.t. the origin of observer’s frame, takes the form
i J = i r × i p + h̄ σ = i r × i p + i S
2
where the orbital part i r × i p and the spin part i S = h̄σ/2, are not separately conserved for a free
electron but the spin satisfies,
di S = i [H, i S] = i p × cα = i p × i u.
dt
h̄
even under some external interaction. This is the dynamical equation of the CC spin.
The electron, ‘. . . behaves as though it has a magnetic moment given by
μ = g e i S = eh̄ σ,
2m
2m

g = 2,

an also an instantaneous electric dipole’
i d = ieh̄ α.
2mc
If the previous classical analysis of an elementary particle with two separate centers is taken into
account, it is not difficult to conclude that Dirac’s electron is an object with two centers, described
by a spinor ψ(t, i r) which is a function of the CC position i r. The linear momentum is not lying
along the velocity of point i r, but around some average value of it. Dirac spin operator is not the
angular momentum w.r.t. the CM, but it represents the angular momentum w.r.t. the CC, even under
some external interaction. The magnetic moment is produced by the motion of the charge, and the
separation between these two points defines an electric dipole moment i d = e(i r − i q).
All these features of Dirac’s analysis are contained in the classical description depicted in
figure 2 in which the velocity of the CC is always c.

4. Electron dynamical equations
If we call the position of the CM i q, and its velocity i v = di q/dt, v < c, and for the CC position
i r, and i u = di r/dt, in the relativistic case always u = c. The dynamical equation of the spinning
electron in an external electromagnetic field is computed in [5] and are given by the expressions
(4.1) and (4.2). In the nonrelativistic case, the second equation (4.2) is replaced by the third (4.3)
showing that the relative motion of the CC around the CM is a kind of harmonic motion with a
constant frequency ω while in the relatistic case the internal frequency depends on the velocity of
the CM. The internal frequency of a relativistic electron decreases with its velocity, so that a faster
electron a slower internal frequency as suggested by the so called twin paradox.
di p
= e(i E(t, i r) + i u × i B(t, i r)),
dt
2
d2 i r + c − i v · i u (i r − i q) = 0,
2
dt
(i r − i q)2

i p = γ(v)mi v

(RELATIVISTIC)

(4.1)
(4.2)

d2 i r + ω 2 (i r − i q) = 0, (NON REL)
(4.3)
dt2
We shall use these dynamical equations to analyze the classical behaviour of a spinning
electron in two situations: The analysis of an electron-electron interaction, and the analysis of the
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interaction of a transversally polarized electron with a triangular potential barrier. In the firs case we
shaw that, in addition to the usal sccatering between electrons, it is also possible that two spinning
electrons with their spins parallel, can form bound states. This is done in next section. The analysis
of tunnelling is defered till section 6.

5. Formation of bound pairs
We shall use the above dynamical equations to analyze the electron-electron interaction but for
particles with spin. Here the fields are the electromagnetic field produced by either particle on each
other.

Fig. 3. Scattering of two equal charged
particles with parallel spins.
See in figure 3 the scattering of two equal charged particles with parallel spins. The centre
of mass motion of each particle is depicted with an arrow. If the two particles do not approach
each other too much these trajectories correspond basically to the trajectories of two spinless point
particles interacting through an instantaneous Coulomb force (see figure 4). By too much we mean
that their relative separation between the corresponding centres of mass is always much greater
than Compton’s wavelength. For high energy interaction the two particles approach each other to
very small distances where the interaction term and the exact position of both charges, becomes
important. In this case new phenomena appear. We can have, for instance, a forward scattering,
which is not described in the classical spinless case, or even the formation of bound pairs for
particles of the same charge, which we shall analyse in what follows.
In figure 5 we represent an initial situation for two equal charged particles with parallel
spins such that the corresponding centres of mass are separated by a distance below Compton’s
wavelength. Remember that the radius of the internal motion is half Compton’s wavelength. We
locate the charge labels ea at the corresponding points i r a and the corresponding mass labels ma
to the respective centre of mass i q a . We see that a repulsive force between the charges when
both charges have opposite phases implies an atractive force between the corresponding centres of
mass. If the initial situation is such that the centres of mass separation is greater than Compton’s
wavelength, the force is always repulsive irrespective of the internal phases of the particles.
The analysis of this interaction is treated in more detail in [5]. In figure 6 we show the
bound motion of both particles when their centres of mass are initially separated q1x = −q2x =
= 0.2×Compton’s wavelength, q̇1x = −q̇2x = 0.008c and q̇1y = −q̇2y = 0.001c, and opposite
phases.
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Fig. 4. Scattering of two spinning particles with parallel spins. The inner
black lines represent the motion of two
spinless electrons interacting through a
Coulomb force, which have as initial
conditions the same positions and velocities as the CM’s positions and velocities of the spinning electrons. There
is a small difference provided the CC’s
do not approach each other too much.

Fig. 5. Boundary values for
two Dirac particles with parallel spins and with a separation
between the centres of mass below Compton’s wavelength. The
dotted lines represent the previsible clockwise motion of each
charge. If the phases are opposite the repulsive force between charges becomes an atractive force between the CM’s.
We have found bound motions provided the velocity of each electron, in the CM frame, will
be below 0.01c. If the phases of the two particles are the same (or almost the same) there is no
possibility of formation of a bound state. The two fermions of the bound state have the same spin
and energy. They differ that their phases and linear momenta are opposite to each other. Is this
difference in the phase a way to overcome at the classical level, the Pauli exclusion principle?

6. Tunneling
As a consequence of the zitterbewegung and therefore of the separation between the center of mass
and center of charge, we shall see that spinning particles can have a non-vanishing crossing of
potential barriers.
Let us consider the potential barrier depicted in figure 7. On the left side AC the electrostatic
field produces a force on the electrons to the left while on the right side region CB, the force is to

92

Q UANTUM C OMPUTERS

AND

C OMPUTING , V. 11, 2011

T HE

MECHANISM OF TUNNELING AND FORMATION OF BOUND PAIRS OF ELECTRONS

Fig. 6. Bound motion of the
CC’s and CM’s of two spinning
particles with parallel spins, and
with a centre of mass velocity
v  0.008c, for an initial separation between the centres of mass
of 0.2×Compton’s wavelength.

Fig. 7. Uniform field triangular potential barrier. We show in
red, the variation of the kinetic
energy K(q) of a spinless electron. It goes to zero, when the
eelctron penetrates into the barrier. Then the electron stops and
is rejected backwards. A spinless electron never crosses the
barrier.
the right. A spinless electron, accelerated with a potential Va has a kinetic energy K(q) such that
when the electron enters into the field decreases till zero, stops and is finally rejected. A spinless
electron with kinetic energy below eV0 , never crosses that barrier. However, a tranversally polarized
spinning electron can tunnel the above device.
We solve the electron dynamical equations (4.1) and (4.2) in that potential of left width a
and right width b, respectively, and depict in figure 8 the variation of the kinetic energy during the
crossing. In this figure, the width of the potential is a = b = 1, i.e., in units of the separation
between the CC and CM. In figure 9 we depict the variation of the kinetic energy when the right
side of the potential has a width of b = 10 times this separation. The whole classical analysis is
dimensionless so that the crossing is independent of the absolute value of the potential V0 . A more
detailed analysis is done in [6]
To compare the classical crossing with the quantum one we use the solution of this quantum
mechanical problem as solved by Landau [7]. The quantum probability depends on the potential V0
and for different V0 values is depicted in figure 10 as a function of the right width b of the barrier,
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Fig. 8. Evolution of the kinetic energy of a transversally polarized electron in a triangular potential barrier of
left width a = 1 and right width b = 1.

Fig. 9. Evolution of the kinetic energy of a transversally polarized electron in a triangular potential barrier of
left width a = 1 and right width a =
= 10.
with a fixed value for the left width a. This quantum probability has been obtained by assuming that
we have electrons of a uniform distribution in energy, below the top of the potential. Simmilarly,
in the same figure we shaw the classical probability of tunneling P (b) computed from the previous
solved equations for different values of b. If we consider for the classical spinning particle the same
uniform distribution of particles, then, the function P (b) = 1 −Kc (b), where Kc (b) is the minimum
dimensionless kinetic energy for crossing computed before, represents the ratio of the particles that
with kinetic energy below the top of the potential cross the barrier because of the spin contribution.

Fig. 10. Classical probability P (b) and
Quantum probability of tunneling for
various potentials V0 . Classical Probability is independent of the potential
and quantum probability decreases with
V0 . The Quantum Probability is greater
than the Classical Probability for crossing because of the Uncertainty Principle.
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Fig. 11. Potential barrier where Ec represents the minimum kinetic energy for
crossing for the classical spinning particle. For a quantum particle of kinetic
energy E, the value of the crossing energy is between E + ΔE and E − ΔE,
with ΔEΔtc  h̄, being Δtc the uncertainty in the time of crossing. It thus
implies that a quantum particle with an
energy below the crossing energy, has
a probability of having a greater energy
than Ec and thus it crosses the barrier.
The classical probability of crossing is smaller then the quantum one because of the uncertainty
principle. But when the potential V0 rises, the quantum probability approaches the classical one.
The reason is described in figure 11. If Δtc is the uncertainty in the time of crossing the uncertainty
principle implies that the uncertainty in the energy of the electron satisfies ΔE Δtc  h̄. It therefore
implies that a quantum particle with an energy below the crossing energy can have a nonvanishing
probability of having a greater energy than Ec if this value lies in the range Ec ∈ (E − ΔE, E +
+ ΔE). This ΔE decreases when the uncertainty Δtc increases which is the case for faster
particles. This means that a quantum particle with an average energy below the crossing energy Ec ,
and an uncertainty ±ΔE can cross the barrier while the classical spinning particle does not. When
the potential V0 increases the quantum probability of crossing approaches the probability computed
for the classical spinning particle.
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[7] L. Landau and E. Lifchitz, Mécanique quantique, Mir Moscow (1988), 3rd. edition.

Q UANTUM C OMPUTERS

AND

C OMPUTING , V. 11, 2011

95

D.A.Slavnov
Department of Physics, Moscow State University,
Moscow 119899, Russia∗

Causality and probability in quantum mechanics
We discuss the causality problem in quantum theory. We show that there exists a formulation
of quantum theory that, on one hand, preserves the mathematical apparatus of the standard quantum
mechanics and, on the other hand, ensures the satisfaction of the causality condition for each individual
event including the measurement procedure.

Keywords: quantum mechanics.
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The causality problem has become more and more relevant in recent years. This is because
it passes more and more from the domain of theoretical reasonings and Gedankenexperiments
into the domain of actual experiments. Moreover, the first attempts are begin made to construct
prototypes of engineering constructions in the domain of so-called quantum telecommunication. The
causality (locality) problem plays a key role in this domain. The axiom of causality has different
formulations [1, 2]; however, without going into mathematical subtleties, it can be reduced to the
following: boson fields must commute at space-like separated points, while fermion fields must
anti-commute.
The following argument is often used as a physical justification of this axiom. The results of
the measurement in a bounded domain of a Minkowski space (a local measurement) are determined
by boson-field values and by bilinear combinations of fermion fields in this domain.
Such locality requirement is purely mathematical in its nature. It can be formulated only in the
framework of a particular mathematical formalism, and it is a part of that formalism. In a general
discussion of causality it is desirable to proceed from requirements that can be formulated in physics
terminology and that can be checked in the experiment directly. That is, such formulation must be
fairly obvious.
It is Einstein causality. If two bounded domains O1 and O2 of the Minkowski space are
space-like separated, then the results of measurements in the domain O1 do not depend on any
manipulations in the O2 .
Practically no one argues with the above formulation. However, the situation changes radically
when we try to supplement the above requirement with the following one. There exists a certain
physical reality, which determines the results of a local measurement.
Many people object to such an extension of the causality requirement. The arguments on this
matter began a long time ago. One can recall the famous debates between Einstein [3] and Bohr [4].
Einstein was in favor of the above extension, while Bohr was against it.
Later on, the majority’s opinion within the physics scientific community leaned towards the
Bohr side. The results of many modern experiments related to this problem are currently considered
as proof that the physical reality mentioned above does not exist.
However, if we abandon the extension formulated above, we almost completely lose the
physical foundation behind the locality axiom accepted in the quantum field theory. This rejection
∗ E-mail:
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would force us to assume that neither local fields, nor their combinations describe a local reality
(because it does not exist). Then, it is not clear why these combinations must commute in space-like
separated domains.
Thus we have a deadlock situation. The assumption of the existence of a local physical reality
contradicts the mathematical formalism of the quantum theory. At the same time, the rejection
of this assumption denies the physical foundation one of the main axioms in the mathematical
formalism of the quantum field theory.
However, the mathematical formalism of the quantum theory can be compatible with the
assumption of the existence of physical reality determining the results of local measurements [5,
6]. The often-produced incompatibility proofs have the following two flaws. First, these proofs
often point out toward a contradiction between the experimental data and certain mathematical
assumptions, which are used in the construction of mathematical formalism. The questions of
physical validity of these assumptions and their necessity are usually not discussed. Second, the
interpretation given to the obtained experimental data is far from being always adequate.
The so-called de Broglie waves can be considered as one of the most striking examples of
inadequate interpretation. In the beginning of practically any textbook on quantum mechanics it is
said that a de Broglie wave with the wavelength
λ = 2πh̄
k

(1)

is associated with any quantum particle having the momentum k. The results of electron interference are mentioned as examples supporting the above statement. In agreement with (1) a clear
interference pattern was observed in the experiment.
Equation (1) became the basis of subsequent assertions, that the distinctive feature of quantum
particles is the presence of both corpuscular and wave properties.
These assertions seem to be quite well supported experimentally. Nevertheless, we would like
to examine if this is indeed the case.
Let us turn to the results of more recent experiments performed by Tonomura [7]. These
experiments investigated electron beam scattering by a biprism, which by its physical properties is
analogous to a double-slit screen. The beam intensity was so low, that on average there was less
than one electron in the experimental apparatus at any single moment. This allowed one to neglect
the influence of electron interaction on the results of the experiment. Moreover, it was possible to
register the results of passage of a small number of electrons in this experiment.
The experimental results are shown in Fig. 1. The individual photographs correspond to
different exposure times. The photograph (1) registered traces of 10 electrons, (2) — 200, (3) —
6000, (4) — 40000, (5) — 140000.
When only a small number of electrons are registered (the photographs (1) and (2)) the
interference is not showing through. A pattern appears only after a very large number of electrons
were registered (the photographs (4) and (5)). If we try to determine the electron wavelength with
a help of the photographs (1) and (2), we do not obtain anything similar to de Broglie Eq. (1).
These results speak in favor of the fact that wave properties are not revealed by a single electron. They become apparent only in a specially prepared ensemble of electrons. In the considered
case, all electrons had approximately the same momentum.
Just as interference pattern, quantum state is not the characteristic of an individual physical
object. It describes ensemble of such objects. Therefore, the commonly used in textbooks formulation of the mathematical formalism of the quantum theory, with wave functions or state vectors
as the basic elements, is not ideal for discussions of the locality problem, because these objects
themselves are obviously nonlocal.
Q UANTUM C OMPUTERS

AND

C OMPUTING , V. 11, 2011

97

D.A.S LAVNOV

Fig. 1. Interference pattern in electron scattering: 10; 200; 6000; 40000; 140000 events

The so-called algebraic approach [8, 9] is much better suited for these purposes. Unlike the
traditional approach, the Hilbert’s space of state vectors is no longer a primary object of the theory
within the algebraic approach, and observables are no longer defined as operators in the Hilbert
space.
Observables, more specifically, local observables are considered as the primary elements of
the theory. Heuristically, an observable is defined as such an attribute of the investigated physical
system for which one can obtain some numerical value with the help of a certain measuring
procedure. Accordingly, for local observables one can obtain numerical values with the help of
local measurements.
Initially the observables are not related to operators in a Hilbert space at all. The Hilbert space
itself is constructed with the help of observables as some secondary object. After that a connection
between the observables and the operators in this space is established.
We will conduct the subsequent examination in the framework of a special version of the
algebraic approach.
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We begin from stating the basic properties of observables. The main property is the following
one. The observables can be multiplied by real numbers, added to each other, and multiplied by
one another. This property is formulated as the following postulate.
P OSTULATE 1. The observables Â of a physical system are Hermitian elements of some
C ∗ -algebra [10].
Postulate 1 (and all the subsequent ones) is valid for classical systems as well. The set of
observables will be denoted A+ (A+ ⊂ A). In classical systems all observables are compatible with
each other (can be measured simultaneously). In a quantum system they can be either compatible
or incompatible.
P OSTULATE 2. The set of compatible with each other observables is a maximal real associative
commutative subalgebra Qξ of the algebra A (Qξ ⊂ A+ ).
The index ξ, which runs through the set Ξ, distinguishes one such subalgebra from another.
For a classical system the set Ξ contains just a single element, for a quantum system Ξ contains
infinitely many elements.
The set of observables A+ can be considered as a mathematical model of a quantum system.
Accordingly, the subset Qξ can be considered as observables of some classical subsystem. This
subsystem is open, because the quantum-system’s degrees of freedom corresponding to observables
from different subsets Qξ can interact with each other.
Moreover, these classical subsystems may not have their own dynamics, because the generalized coordinates and momenta corresponding to the same degree of freedom, may belong to
different subsets of Qξ . Therefore, the traditional approach for defining the state as a point of
a phase space is not suitable for such subsystems. But, specifying a point in the phase space is
equivalent to setting initial conditions for the equations of motion. This allows one to fix the values
of all observables of the considered system.
However, one can avoid using equations of motion and the initial condition, and fix the values
of all observables directly. Such an approach is suitable for open systems as well.
Measuring the sum of observables in any concrete classical system yields the sum of the
values of the individual observables, and measuring the product of observables yields the product
of their individual values. In other words, specifying the values of all observables is equivalent
to specifying some homomorphic map of the algebra of observables into the set of real numbers.
For commutative associative algebra, such a map is called a character. Therefore we accept the
following postulate.
P OSTULATE 3. The state of a classical subsystem, whose observables are elements of a
subalgebra Qξ , is described by a character of this subalgebra.
This definition of the state of a classical subsystem has an important advantage, that it can
be generalized to the quantum case. Each quantum observable belonging to A+ , simultaneously
belongs to some subalgebra Qξ . This allows one to consider a quantum system as a family of
classical subsystems. If we knew the states of all these subsystems, we could have predicted the
result of measuring any observable of the quantum system. This gives us grounds for accepting the
following postulate.
P OSTULATE 4. The result of measuring any observable of a physical system is determined by
its elementary state ϕ.
Here, ϕ is a family ϕ = [ϕξ ] of characters ϕξ of all subalgebras Qξ . Each subalgebra Qξ in
the family is represented by a single character.
At first it may seem that the last postulate contradicts the fact that one cannot predict the
measurement results for all observables of a quantum system. However, there is no contradiction
here. The point is that we can measure simultaneously (that is in a compatible way) only compatible
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observables. These observables belong to a certain subalgebra Qξ . Lets say for instance they belong
to the subalgebra with the index ξ = η. Then, from the complete set [ϕξ ] we can specify only one
character ϕη .
Endowed with such information we can predict only the measurement results for observables
belonging to Qη . We will not be able to say anything certain about the values of other observables.
Additional measurements, if they are not compatible with the previous ones, will not improve the
situation. They will produce new information about the quantum system; however, simultaneously
the additional measurements will disturb the state of our system and will make the information
obtained earlier worthless.
Figuratively speaking, an elementary state is a holographic image of the system under investigation. Using classical measuring devices we can look at it from one side only, and, hence, obtain
a two-dimensional image. Moreover, the measurement will disturb the system and will change its
original holographic image.
Therefore, if later we will look at the system from another side, we will see a two-dimensional
projection of the new holographic image. Thus, we will never be able to see the entire holographic
image.
In connection with the above it is useful to introduce the notion of ϕη -equivalence. Two
elementary states ϕ = [ϕξ ] e ϕ = [ϕξ ] will be called ϕη -equivalent, if ϕη = ϕη . The relations
between the remaining characters ϕξ and ϕξ can be arbitrary. The class of ϕη -equivalent elementary
states will be denoted {ϕ}ϕη . The most that one can possibly learn about an elementary state ϕ is
that it belongs to some equivalence class ϕ ∈ {ϕ}ϕη .
There is one more obstacle preventing unambiguous predictions of measurement results.
One and the same observable Â may belong simultaneously to several subalgebras Qξ : Â ∈
Qξ ∩ Qξ (ξ = ξ  ).
Therefore, it is not clear which of the functionals (characters) ϕξ or ϕξ will describe the
results of a particular measurement.
At first it may seem that this additional ambiguity can be easily eliminated with the help of
the additional condition
(2)
ϕξ (Â) = ϕξ (Â), if Â ∈ Qξ ∩ Qξ .
However, this condition leads to numerous contradictions. On the other hand, one can show that
the condition (2) is not a necessary one. Indeed, the measurement result may depend not only on
the system under investigation, but on the characteristics of the measuring device as well.
From the observer’s point of view such dependence is extremely objectionable, and experimentalists try to minimize it as much as possible.
We have come to think that measurement results are virtually independent of the characteristics
of ”good” measuring devices. However, for this to be true all the devices used for measuring the
observable of interest must at least be calibrated in a consistent way. One can show that the
existence of incompatible measurements in the quantum case makes such calibration far from being
always possible. In particular, if we assign a certain type of measuring devices (ξ-type) to every
subalgebra Qξ , then, as it turns out, the devices of different types cannot be calibrated consistently.
Therefore, one cannot get rid of a possible dependence of the measurement results on the device
type (or, on the index ξ).
Thus, value of an observable is not attribute of physical system. Such attribute (local physical
reality) is the elementary state.
The above assertion does not exclude that for some elementary states ϕ Eq. (2) will be valid
for all Qξ , Qξ , containing the observable Â. In this case we shall say that the elementary state ϕ
is stable with respect to the observable Â.
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Measurements allow one to establish that the elementary state ϕ of the system under investigation belongs to some equivalence class ϕ ∈ {ϕ}ϕη . Thereafter, we can make the following
predictions. Measuring devices of the η-type will yield the value A = ϕη (Â) for the observable
Â ∈ Qη . From now on the measurement result is denoted by the same symbol as the observable
itself, but without the ”hat.”
If the elementary state ϕ is stable with respect to the observables Â ∈ Qη , then the same
result will be obtained by using measuring devices of any type ξ. One cannot say anything definite
about measurement results for observables Â ∈
/ Qη , because we will obtain different values for
different elementary states ϕ ∈ {ϕ}ϕη .
Within the standard mathematical formalism of quantum mechanics all the physical properties
mentioned above are exhibited by quantum states specified by particular values of a complete set of
commuting observables. This allows one to state the following definition of a quantum state within
the proposed approach.
ϕη - equivalent elementary states,
D EFINITION. A quantum state Ψϕη is the class {ϕ}ϕη
which are stable with respect to the observables Â ∈ Qη .
It is usually assumed that a quantum state Ψϕη appears as a result of measuring the observables
Â ∈ Qη , where a specified value is registered for each of the observables Â Of course, this is not
always true, at least, because some particles of the investigated system can be absorbed by the
device in the measuring process. In order for a measurement to be simultaneously a preparation of a
quantum state, it must be reproducible. If repeated measurements of an observable Â give identical
results, we shall mean the measurements reproducible. Note that the repeated measurements are not
necessarily performed by measuring devices of the same type.
Within the standard mathematical formalism of quantum mechanics pure states are defined as
vectors |Φ > of some Hilbert state H.
These vectors are used for calculating the average values of observables in the corresponding
quantum states. This definition works very well for applied purposes; however, it does not have
an intuitively clear physical interpretation. Within the approach proposed in the present work the
average value of an observable is connected in a natural way with the probability distribution of the
elementary states ϕ within the equivalence class ϕ ∈ {ϕ}η .
One has to bear in mind that the elementary states satisfy the standard properties of elementary
events from the classical Kolmogorov probability theory [11]. Namely, each random experiment
results in one and only one elementary event. Different elementary events are mutually exclusive.
Note that the standard approach to quantum mechanics does not have such an ingredient. This
became an insurmountable obstacle for application of the classical probability theory to quantum
mechanics. Such an obstacle is absent within the approach used here. Therefore, there is no need
for creating some artificial quantum probability theory. Instead one can use the well-developed
formalism of the classical probability theory. Therefore, the following postulate appears to be fairly
natural.
P OSTULATE 5. The equivalence class {ϕ}ϕη corresponding to the quantum state Ψϕη can be
equipped with the structure of a probability space.
Then, the mean value of the observable Â in the quantum state Ψϕη is given by the formula

PÂ (dϕ) ϕξ (Â),
(3)
Ψϕη (Â) =
ϕ∈Ψϕη

where
PÂ (dϕ) = P (ϕ : ϕξ (Â) ≤ A + dA) − P (ϕ : ϕξ (Â) ≤ A),
and P (ϕ : ϕξ (Â) ≤ A) is probability measure corresponding to the event ϕ : ϕξ (Â) ≤ A.
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In order for formula (3) to define the quantum average, the probabilistic measure must satisfy
the following postulates.
P OSTULATE 6. The functional Ψϕη is linear over the algebra A.
and
P OSTULATE 7. The functional does not depend on the particular choice of ξ.
One can show [5] that such distribution actually exists.
With the C ∗ -algebra and a linear positive normalized functional Ψϕη (·) defined over this
algebra, we can construct a representation of the algebra A by using the Gelfand-Naimark-Segal
canonical construction [12]. In other words, we can construct Hilbert space H, in which there is an
operator Π(Â) acting over a space H that corresponds to each element Â ∈ A, while the expectation
value Φ|Π(Â)|Φ, where |Φ ∈ H is the corresponding vector in Hilbert space — to the quantum
average Ψϕη (·). This is the way the standard mathematical apparatus of quantum mechanics is
reproduced.
Thus, there are two paths leading to the same result. One can fix the algebra of observables,
and build on it a set of elementary states corresponding to some quantum states. Then, one can
endow this set by the structure of a probability space and, finally, calculate the probabilistic averages.
The alternative path is the following one. Fix a Hilbert space, define observables as linear
operators in that space, while quantum states are either vectors of that space, or density matrices.
The average values of observables are defined as the mathematical expectations of the corresponding
operators with respect to either vectors of the Hilbert space, or density matrices.
Usually the second path turns out to be much more convenient from the pragmatic point of
view. However, the first path has a better physical foundation. This allows one to create a more or
less intuitively clear picture of the quantum world. In particular, our model allows one to present
an intuitively appealing interpretation of quantum phenomena [6], whose traditional interpretation
looks absolutely absurd from the classical physics point of view.
The list of such phenomena includes quantum particle scattering on a double-slit screen, the
Einstein-Podolsky-Rosen paradox [13], the delayed choice experiment [14], and quantum teleportation [15].
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Schrödinger equations
The Darboux transformation technique and point canonical method are used to obtain a family of exactly solvable Schrödinger equations with a position-dependent effective mass and with linearly energydependent potentials. The approach is illustrated by some examples.
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1. Introduction
In resent years quantum mechanical systems with position-dependent mass and with energydependent potentials have attracted attention due to their applications in quantum micro- and
nanoelectronics, photoelectronics and optoelectronics, nuclear and atomic physics, semiconductor
theory and so on. There are many different theoretical methods are used to study of these systems,
in particular such modern and power technique as Darboux transformation method. Darboux transformations have been constructed for a variety of linear and nonlinear equations [1–3]. Among the
linear equations to which the Darboux transformations are applicable, there are common Schrödinger
equations, Schrödinger equations with position-dependent effective mass [4–9], Schrödinger equations with energy-dependent potentials [10–13] and so on. Darboux transformations are usually
constructed by means of the intertwining relations technique. Within the intertwining operator
method, solutions of two differential equations of the same type, e.g. two Schrödinger equations,
are connected by means of a linear differential operator, called the Darboux or intertwining operator. If the initial Hamiltonian is exactly solvable, then the Darboux transformation generates a
new solvable Hamiltonian with the spectrum different from the initial one by a single bound state.
The iterative applications of the procedure allow one to generate families of Hamiltonians with a
predetermined spectrum, removing or adding new bound states. We think that the method of Darboux transformations for the Schrödinger equation with effective mass and with energy dependent
potentials extends the set of exactly solvable models and this, in its turn, extends the opportunities
for study of low-dimensional structures needed in quantum engineering.
The position-dependent mass equation is an important particular case of the generalized
Schrödinger equation, since it is extensively used in condensed matter physics. The Darboux
transformation allows one to obtain a family of exactly solvable equations from each of exactly
solvable equation with position-dependent mass. However, a few exactly solvable effective mass
Schrödinger equations are known that can be used by physicists as generic equations. In resent years
the point canonical transformation method is often used [14], [15] to convert a general second order
differential equation into another solvable equation. However, this approach can be applied to very
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particular equations with position-dependent mass functions (see, for example, [5], [9], [14], [16]).
The conventional Schrödinger equation has a variety of soluble potentials. The following question
arises: can one use these soluble equations for obtaining exact solutions to the position-dependent
mass equation? The positive answer to this question would make quantum engineering more flexible
and active, providing the opportunities to develop a set of novel quantum devices.
We outline a possible strategy of the solution of this problem. In this paper we elaborate the
Darboux transformations of an arbitrary order for Schrödinger equations with position-dependent
effective mass and weighted energy. We combine the point canonical transformation with the intertwining technique to construct exactly solvable position-dependent Hamiltonians and corresponding
solutions. To this end, we convert the Schrödinger equation with constant mass into the equation
with position-dependent mass and construct the generic exactly soluble potentials, which can be used
for generation of a family of exactly solvable equations. The paper is organized as follows. Section
2 is devoted to intertwining relations and generalized Darboux transformations of nth-order in the
differential form. In Section 3 we suggest to apply the intertwining technique together with the
point interaction method to Hamiltonians with effective mass to construct potentials which support
the desirable spectrum. Finally, we give an explicit example to illustrate the method.

2. Darboux transformations
2.1. First-order Darboux transformations
For the purpose of simplification of the description below we briefly introduce Darboux transformations of the first-order obtained in [17]. We start by considering the Schródinger equation with
position-dependent mass and weighted energy

− d
dx

1
m(x)


d φ(x) + v(x)φ(x) = q(x)Eφ(x) ,
dx

(2.1)

where m(x) stands for the particle’s effective mass, q(x) and v(x) denote the potentials, φ(x)
is the wave function and ε denotes real-valued energy, and we use atomic units. We expand
the conventional intertwining relations on our generalized equation (1). To the end we use the
intertwining relations
LH = H1 L ,

(2.2)

φ1 = L φ

(2.3)

and find out the intertwining operator L in the form
L = √1
qm



d +K
dx





,

K = −U .
U

(2.4)

The operator equation (2.2) intertwines the two generalized Hamiltonians H and H1



d
d + v(x) ,
1
dx m(x) dx
q(x)


d
d + v1 (x) ,
1
H1 = − 1
q(x) dx m(x) dx
q(x)
H=− 1
q(x)
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where Hamiltonians H and H1 differ only in potentials v and v1 . The intertwining relation (2.3)
allows one to construct a solution for H1 , if a solution for H is known. The potential v1 (x) and
solutions φ1 (x) are defined as

 




q d
q d 1 d
q
K
(2.7)
v1 = v + 2 m
− m
√
m
dx
dx q dx
qm

 


q
q
U
1
1
d
d
d
+
,
=v− m 2
√
m
dx
dx q dx
qm U



d −U
φ = 1 √1 Wλ, E ,
φ1 = L φ = √1
(2.8)
U
U qm
qm dx




where Wλ, E = U φ − φU is the Wronskian of the functions U and φ(x) . From (2.4), (2.7)
and (2.8) it follows that the intertwiner L, the transformed potential v1 and solutions φ1 depend
not only on the potential v and on the additional potentials m and q in contrast to the conventional
Schrödinger equation. These results generalize usual first-order Darboux transformations for the
Schrödinger equation. It is easy to see that all expressions are reduced to the well known ones if
potential functions m and q are taken to be constants.

2.2. Chain of Darboux transformations
By considering iterative applications of the first-order Darboux transformations n times, we obtain
Darboux transformations of nth-order. In this case the intertwining operator L is obtained from a
sequence of n first-order Darboux transformations
L = Ln Ln−1 ...L1 , Ln = √ 1
qm





d + K , K = − χn−1 .
n
n
χn−1
dx

(2.9)

This procedure being applied n times leads to generalized Darboux transformations for potential
and solutions





q d Kn
q d 1 d
q
− m
,
(2.10)
vn = vn−1 + 2 m
√
m
dx q m
dx q dx
φn = Lφ = Ln φn−1 = Ln Ln−1 ...L1 φ .

(2.11)

The solution χn can be obtained by applying the operator L to an auxiliary solution Un of (5)
at energy λn . Evidently, L1 is L given in (2.4), K1 coincides with K determined in (2.4). The
operator L2 is determined as



d + K , K = − χ1 .
(2.12)
L2 = √ 1
2
2
χ
1
q m dx
The function χ1 is obtained by means of the first-order Darboux transformation (8), applied to an
auxiliary solution U2 of equation (5) at energy λ2


d
1
+ K1 U2 .
χ 1 = L 1 U2 = √
(2.13)
q m dx
Clearly, χ1 is the solution of the transformed equation (2.6) with the potential v1 , defined as in (2.7),
and χ1 can be taken as a new transformation function to generate the potential v2 and corresponding
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solutions φ2 .


 

q d 1 d
q
K2
,
−
√
m dx q dx
m
qm


d + K φ , φ = L φ.
φ2 = L2 φ1 = √ 1
2
1
1
1
q m dx


v2 = v1 + 2



q d
m dx

(2.14)
(2.15)

The iteration of this procedure n times leads to the operator Hn with the transformed potential vn
which satisfies the recurrent relation (2.10).
Notice that the recursion in (2.9) - (2.11) can be removed, leaving the transformed potentials
and solutions in terms of the initial potentials and the family of auxiliary solutions Uj , j = 1, 2, .., n
of the initial equation (2.5)





q d K
q d 1 d
q
−n m
vn = v + 2 m
, K = K1 + K2 + ... + Kn . (2.16)
√
m
dx q m
dx q dx
Indeed, using the explicit expression for v1 which appears in the first-order Darboux transformation
(2.7), we present the formula (2.16) for the potential v2 as





q d K
q d 1 d
q
v2 = v + 2 m
−2 m
(2.17)
,
K = K1 + K2 .
√
m
dx q m
dx q dx
Now transform K = −U1  /U1 − χ1  /χ1 , representing χ1 as
W1,2
,
χ1 = √ 1
q m U1

(2.18)

where is the Wronskian of the functions U1 and U2 . Substituting (2.18) into the formula for K2 ,
we get


W1,2
χ1 
1
d
K2 = − χ = −
(2.19)
ln √
1
dx
q m U1
and with account K1 = −U1  /U1 we find


W1,2
d
K=−
.
ln √
dx
qm

(2.20)

With the last expression after some manipulations, the new potential v2 can be expressed as







W1,2
q d
q d 1 d
q
d
1
v2 = v − 2 m
.
(2.21)
−2 m
√
m
dx W1,2 dx q m
dx q dx
The corresponding functions φ2 defined as in (2.11) can be presented as
W1,2,E
φ2 = Lφ = q 1m
,
W1,2

L = L1 L2 .

(2.22)

It is easily seen from (2.21) and (2.22) that due to the 2nd-order Darboux transformations, the
potential and solutions are completely expressed in terms of the known potential functions, v, m
and q and the solutions U1 , U2 , φ(ε) of the initial equation, with no use of the solutions to the
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intermediate equation with the potential v1 (x). Clearly, for the next transformation step to be made,
one should take a new transformation function χ2 , that corresponds to the potential v2 at energy
λ3 . The solution χ2 can be obtained by applying the operator L = L1 L2 to solution U3 at energy
λ3 that is
χ2 = LU3 = L2 L1 U3 .

(2.23)

By analogy with (2.22), the fixed solution χ2 can be written as
χ2 =

W1,2,3
.
q m W1,2

Then it can be used to produce a new transformed operator L3 , given by



d + K , K = − χ2
L3 = √ 1
3
3
χ
2
q m dx

(2.24)

(2.25)

for generating a new potential v3 with corresponding solution φ3 and so on according to (2.9)–
(2.11). As a result, we can express the transformed potentials vn in terms of the initial potentials
v, q, effective mass m and the family of auxiliary solutions Uj , j = 1, 2, ..n of the initial equation
(2.5) at energies λj conformity with (2.16). This construction enables us to generate a family of
new Hamiltonians of any order and corresponding solutions directly from the initial Hamiltonian
and solutions without generating intermediate Hamiltonians. When L is the nth-order differential
operator, the intertwining relation
(2.26)
LH = Hn L
is valid.

3. Constructing exact solutions for effective mass Schrödinger equations
In resent years particular interest has been given to physical systems with position-dependent mass.
This interest is due to the recent progress of crystal-growth techniques for the production of nonuniform semiconductor devices. Therefore in this section we shall consider the Schrödinger equation
with position-dependent mass


d
1
d
φ(x) + v(x)φ(x) = Eφ(x) ,
(3.27)
−
dx m(x) dx
which is a particular case of the equation (1). To construct equations (3.27) admitting exact solutions
we shall combine the inverse point canonical transformation with the intertwining technique. We
suggest to convert the equation with constant mass into the equation with position-dependent mass
in contrast with the standard canonical approach, when the equation with position-dependent mass is
transformed into the Schrödinger equation. The point canonical method, like Liouville transformations, consists in transformations of functions and coordinate variables. Introducing a new function
φ(x) = exp(f (x))ψ(x)and a new variable ξ = ξ(x), effective mass Schrödinger (3.27) equations
is converted to


 2
mx ξx
ξxx
2 fx ξx
ξ
−
+
− mx ψξξ −
m
m ψξ
m2

 2
fx mx
fx + fxx
ψ + v ψ = E ψ,
(3.28)
−
−
m
m2
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where ξx denotes the derivative of x. The equation (3.28) is transformed to a conventional
Schrödinger equation under the following conditions: the coefficient at ψξξ is equal to 1/mo
(mo corresponds to constant mass) and the coefficient of ψξ vanishes
ξx2
1
m = mo ,

2 fx ξx
ξxx
mx ξx
m − m2 + m = 0.

(3.29)

The solutions of equations (3.29) give us

ξx =

m(x)
mo

1/2

,

m
fx = 1 mx .
4

(3.30)

As a result we have
f (x) = ln (m(x))1/4 and

ξ = √1
mo


exp(2 f (x))dx.

(3.31)

Finally, we obtain the Schrödinger equation in ξ-representation
− m1 ψξξ + V ψ = E ψ ,
o

where the effective potential V is written in the old coordinates as

*
+ 
mxx
7 mx 2 .
−
V =v− 1
m
4m
4 m

(3.32)

(3.33)

It is apparent that the potential and mass in the initial x-space and in the transformed ξ-space have
different functional dependence and the effective potential V depends on position-dependent mass
m. It should be noted that m can give a very complex function V (ξ) for which the Schrödinger
equation (3.33) cannot be solved analytically. To obtain the explicit expressions for mass m and
the potential V in ξ-space we need to know how x depends on ξ. Even the dependence ξ on x
is known the inverse procedure is not always solved. In general case both these factors make the
problem of solution of the Schrödinger equation (3.32) is very complicated.
We suggest to use the inverse point transformation. First, we start from the Schrödinger
equation (3.32), for which there are a lot of exactly soluble potentials. On the second stage we
transform the Schrödinger equation, given in ξ-space to the effective mass Schrödinger equation in
x-space. Next, knowing exact solutions of the Schrödinger equation in ξ-representation, we find
m(x), V (x) and solutions φ(x) for the position dependent Schrödinger equation in x-space and
use the soluble effective mass equation as generic ones for constructing a whole family of exactly
solvable equations with the desired spectrum by using the intertwining technique.
This approach allows one to consider another class of exactly solvable models and thus expands
opportunities constructing exactly solvable equations with position dependent mass on the base of
combination of two methods of point interaction transformation and intertwining technique.
Let us consider the inverse point transformation as follows. We shall apply the inverse point
transformation to the Schrödinger equation (3.32) introducing change of variables ξ = ξ(x) and
functions ψ(x) = exp(g(ξ))φ(x(ξ)). This transformation converts the Schrödinger equation (3.32)
to

 2
(xξ φxx + ( 2 gξ xξ + xξξ )φx + (gξξ + gξ gξ ) φ + V (ξ)φ = E φ .
− m1
o
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Now we transform (3.34) into the effective mass Schrödinger equation (3.27) by requiring that
the coefficient at φxx is equal to 1/m(x), the coefficient at φx is equal to (1/m(x))x and the
coefficient at φ is equal to the effective potential. These conditions give us
 *
*
+
+
m 1/2
mo 1/2
→x=
dξ,
(3.35)
xξ = mo
m
*
2 gξ xξ + xξξ =

mo
m

+

1/4

1
m(ξ)

→ g(ξ) = ln

x

,

v(ξ) = V (ξ) − m1 (gξξ + gξ gξ ) .
o

(3.36)
(3.37)

Using (3.35) and (3.36) in (3.37) we find the expression for the potential in terms of mass functions
v=V + 1
4 mo

mξξ
5
m −4



mξ
m

2
.

(3.38)

Now, with regard to our approach we would like to find out m(ξ). To this end, we shall solve
the equation (3.37) that is the nonlinear second order differential equation, in fact, it is the Riccati
equation. As it is known, the Riccati equation can be analytically solved for a lot of cases. Let
us introduce the function gξ = Nξ /N which reduce the equation (3.37) to the linear second order
differential equation
− m1 Nξξ + (V − v)N = 0 .
o

(3.39)

Let assume that this equation can be exactly solvable with respect to N (ξ). Once we have found
N (ξ), we can determine m(ξ) via N (ξ) = m−1/4 (ξ). The further solution of the problem depends
on integrability of (as one can see from (3.35)) and existence of the inverse function ξ = ξ(x).
If these conditions are fulfilled we can find out the potential v, the mass-position function m and
the solutions φ in x-space. Now by using the soluble effective mass equation as the initial ones
one can construct a whole family of exactly solvable equations with the given spectrum. Let’s
consider the example. We are given the transparent potential in the ξ-space in the form of modified
Pöschle-Teller potential
2α2
+ α2 ,
cosh2 (αξ)

mo (V − v) = −

(3.40)

where is α real constant. The solution of the equation (3.39) with this potential is known:
N (ξ) =


α/2
.
cosh(αξ)

(3.41)

Hence, from (3.41) one gets
m(ξ) =

4 cosh4 (αξ)
2

α

√
,

x=

mo
tanh(αξ) + const.
2

(3.42)

From the second equation of (3.42) we immediately get
1 arctanh(2 x/√m ).
ξ= α
o
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Particular solutions of the Schrödinger equation (3.32) in ξ-representation with the effective potential
(3.40) at energy ε = κ2 can be written as
ψ = (−iγ + α tanh(αξ)) exp(iγξ) ,

(3.44)

where γ 2 = k2 − α2 . The linearly independent solutions are
ψ̂ = (iγ + α tanh(αξ)) exp(−iγξ) .

(3.45)

For the simplicity let us suppose that the initial potential v in (3.33) is equal to zero. The corresponding solutions of position-dependent mass Schrödinger equation (3.27) with
m(x) =

√
4 cosh4 (arctanh(2 x/ mo ))
α2

can be written as


φ± (x) =

α/2
√
(∓iγ + α(2x/ mo ))×
√
cosh(arctanh(2x/ mo ))
* γ
+
√
× exp ± i α arctanh(2 x/ mo ) .

Thus we obtained the initial exactly solvable equation with position-dependent mass in x presentation. Next, by using the above intertwining technique, we can construct a family of exactly solvable
equations (3.27).
Let us construct potentials with one and two bound states and investigate the influence of
distance between levels on the form of potentials. First we obtain potentials with one bound state
at energy E1 = −κ21 and corresponding solutions by applying first-order Darboux transformations.
The transformation functions have been chosen as follows
η1 = − cosh(κ1 y) + α tanh(αy)

sinh(κ1 y)
,
κ1

(3.46)

√
where y = arctanh(2x/ mo ). Here we select α = 1.0 and mo = const = 6.0. By using (2.6)


η
with q(x) = 1 and the transformation kernel K(x) determined by K(x) = − η1 we obtain a set of
1

potentials, the width and depth of which depend on the choice of the bound state values (see Fig.
1a).
Now we would like to construct potentials with two bound states. The transformation functions
have been used as:
η1 = − cosh(κ1 y) + α tanh(αy)

sinh(κ1 y)
,
κ1

(3.47)

η2 = − sinh(κ2 y) + α coth(αy)

cosh(κ2 y)
,
κ2

(3.48)

With using the second-order Darboux transformations we obtain a family of potentials with two
bound states. The form of potentials depends on the distance between levels. One can see if levels
are sufficiently distant from one another we construct simple symmetric potentials presented in
Fig.1b (curve 1), if the levels are close to each other, we construct symmetric double well potentials
Fig.1b (curves 2, 3). As a final remark, let us note that different distances between levels give us
different shapes of potentials. It can be very important for construction and investigation of quantum
systems with needed spectral properties, e.g. in nanoelectronics.
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Fig. 1 a) The change in form of potentials V1 (x) with one bound state:
1 : E1 = −19.36,
2 : E1 = −10.24,
3 : E1 = −4.84;

Fig. 1 b) The change in form of potentials V2 (x) with two bound states as the levels
come close to each other:
1 : E1 = −16.0, E2 = −5.76,
2 : E1 = −16.0, E2 = −10.24,
3 : E1 = −16.0, E2 = −14.44.
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S CHR ÖDINGER

EQUATIONS

4. Conclusion
Darboux transformations have been constructed for generalized Schrödinger equation with positiondependent mass and with linearly energy-dependent potentials. The iterative procedure of the firstorder Darboux transformations allows one to generate families of Hamiltonians with a predetermined
spectrum. A combination of intertwining technique with the point canonical transformation method
is used for constructing position-dependent mass Schrödinger equations, admitting exact solutions.
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[6] Milanović V., Iconić Z., Generation of Isospectral Combinations of the Potential and the
Effective-mass Variations by Supersymmetric Quantum Mechanics // J. Phys. A: Math. Gen.
1999. Vol. 32. P. 7001–7015.
[7] Roy B. and Roy P., A Lie Algebraic Approach to Effective mass Schrödinger Equations // J.
Phys. A. 2002. Vol. 35. P. 3961.
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